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Preface \ 



These notes hav^been prepared to help high school teachers 
to become familiar with the approach to tenth grade Euclidean 
geometry vhich has been adopted by the School Mathematics Study 
Group (SMSQ) . They are intended spiscifioa^Liy ,to be used 'during 
the summer of 1959 i«rKJOurses ofi geometry for high school teachers, 
Tha^SF&G jJ3 preparing a -tenth gra^de geometry text book and gi 
teachers' manual, and these notes follow the preliminary outline 
of the '^ext book. It should be emphasized,- that these notps are 
quit^ unsuitable as a text book for high school students/ x(or can 
they pe used as a teachers manual. TP^ey contain ftruoHl material 
which is too difficult to b^*presented to most tenth graders, but 
,which we believe it is important for tenth grade, teachers to know, 
vjhe' notes probe deeply into the be^lnnings^f the subject,* b||t do 
not 'cover much of the ma'terial of ^he /tandard tenth grade^geometry 
coTii?s4. In particular, the notes do not cover such topicij as 
parallels, circles, areas, Pythagorean theoreto/S^inalytic geometry, 
\etc., whereas all of these will be treated' in the SMSG text book. 

It^s assumed that t^eacljers who study these notes have good^ 
back^vounds in axiomatic geometry. In particular some familiarity 
with&iclid's Elements is presupposed, and the 'Hjeaohers should 
have accei3S to these. (Heath' s translation inv Evet^yman' s LHJifary. 
(E.P. Dutton)'ds convenient.) .'*Phe notes contai\onry occasional ^' 

- ^ 1 ' -■•/'. . . . _ , 

ic ' - ' ^ ^ ; . 



references to the common high school treatments of geometry, ,but 
the ^readers sho\ild continually make comparisons of the two types 
of treatment, especially iit the proofs of the more familiar 
theorems. , ^ * - ' \ 

Although we have tried to anticipate the content, order, 
notation, etc. of the pronosed text book there is b^und to be aome 
diver genoi^ii?^ However, we are confident that we are presenting the 
spirit ofvthe new coijrsei and that anyone who understands the 
material m these notes will be able to tise the text book in an' 
intelligent J and interesting manner. 

' Tl^e instructor in a summer ^course for teachers is ui*ged tb - 
spend most of the time- on Chapters 4 r ?• These contain the \ 
material on the Ruler and Protractor Axioms, and the theory ofi ; 
separation or order of points on a line, lines in a plane, and 
planes in space.' MCich of this^ material is unfamiliar to ma!ny 

teachei*? • ■ , / * ' . 

Chaptei*s 1 - '3 are introductory in nature, and can be cbvered 
swiftly at the bejginning, and referred to 'from time to time as ^ the 
covirse |>r6gre^ses..' * . ^ y^j^ • 

/These notes .are by no means a polished work, and it is'^ • ^ . 
expebted that the instructor will use good Judgement in deciding \ 



Which' parts to amplify, which to slight, what extra matej^ri to^ 
put in, etc. • Some exercises have" Wen included but msmy additional 
ones will have to be Supplied. The\starred theorems ♦ ^ 
. (ejg. ThjBorem 3.1*) can be 'used as exercises, and it is intended 
that as many, as ppsplble of t^ese Ije proved. ^ Most of the early \ 



one;3 are used In latere proofs, and their ommission would leave 
• s^riouB^gap#>dn the pr^entation. . ^ *' k ' 

rne of our^roofs are accompanied by diagrams. This was 
• don^^liberately, paj^tly to urge the reader to draw his own ^ 
diagram apd partly to emphasize that a logical proof should be * 
^ in^epe^dfent of any diagram/ iLe ommission does not me^ that we 
wish to minimlze*thp importance of 'drawing a figure to fix tdie' 
\> ideas in the mind. Th$ readers should make constant -uae of* 

digigrams as an aid :to understa^iding the theorems and discovering- 

proofs. . • ^ ^ . ^ " 

Putxire work by)the SMSG on the^ text book, the teachei^s' 
: ' *man\ial, and the teacher training ^manvial can profit;, greatly from 
comments, and \;riticisms of these note^. You are nirged to send 
yoilr suggestions to \* 

" ' school Mathematics Study Group \* 

'PrsLwer 2502A Yale Station 
New Haven, Connecticut ' ' 



Preface, to Second Revision 

Several changes 'have been made Ijfi] this^ edi1;ion to improve the 

materia!^ and*bring it more into line with the text book.- 
* ' * . ' <^ ^ ' » \> • ■ • 

1. The notations AB for a line and AB for a distance 

» liave been adopted^ * On th'e other hand it did not seem VorthKhile 

to change ' m(/ABC) to n^ABC and arc AB t6 AB. 
— ^ • ■ 

♦ 2. The distance and separ»ation postulates have been reworded 
to conform to the text book. However, to^ch^ge the orjier of 
presentation of these postulates to that used in the telxt book 
" would have necessitate^ extensive alterations in Chapters 3 an^ 4. 
The text bdok order was dictated by pedagogical considerations, 
p&icipally the desire to^ avdid* indirect proofs in the jfirst . 
theorems, which do not apply to this boo^. It was therefore 
decided to leave the order as in the earlier editions.,' ,The 
postulates th\is differ in numberir^g as follows: / 

, ■ y ■ 

These Notes » ' Textbook 



Incidence postulates 1, 2, 3, 4, 5^ , 1, -5^ 6,' 7, 8 

Distance ppstulates 6,. .7* 8 • 2, 3, 4. * 

*3. Chapters on Parallels ^d on Area, have been inserted to- 
clarify th^ position of these topics in oUr presentation,. , 

4.' Numerous minor changes, insertion^, corrections, etc. 
have -been made, and one -significant error has been corrected 
(Section 4 of Chapter 5) . ' . 
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The viser of this book^^i?;! find much additional material in 
* the text book, including* si^^^ exercises and expository material 
in the text bQokr proper and sV^lementary reading in^the Teachers' 
Commentary, the Appendices, andPna^rticularly the, Talks- to Teachers 
In this book we present Eu^^ean gecftnetry as a mati^ematical 
theory. We have, left aside all abdications of geometry to 
questipns in physics- and to other D?4nphes of mathematics. This 
is not to say that we regard these a^llcatiofts as unimportant for 
the teacher to know and to use in the \lassroomj in fact, it would 
ba a mistake to teach geometry to high^^chool students* without 
bringing in some of the significant applications, especially to 
elementary physics. The reader of this T^ill find abundant^ 

supWe^enta^ ™ate.ial on applications o.^le^nta:, «eo.et^, in ' 
• the following books: 



G. Polya, Mathematics and Plausible/Rejit^ongi^ Princeton 
University Press, vol. 1, especially the chapter on "Physical 
Mathematics")* ' . ~ „ 

^ R. Courant and H. Bobbins, What is Mathematics ?-, Oxford 
University Press* ^. 

* . H . Rademacher and 0 . ToeplJ.tz , The Enjoyment' of Mathematics , 
Princeton University Press. 



/ 
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' Chapter 1 • 

« Historical Introduction 

• i » ' 

1. The Glory that Is Euclid^. '"Euclid Is the only man to 
whom there 'ever came or ever^can come^the glory of ha^^tng success- 
fully incorporated in h^s pwi writings all the' essential* parts of 
the accimrulated (mathematical) knowledge or his time." . • 

He was the most successful text-book wt*iter tjiat the world, 
has ever known. Over a thousand editions of, rev^-slons of. his 
.geometry have appeared since the advent of printing, and his work 
has doradnattd the teaching oT the sub'Ject Qver slncQ> his Elements 
'appeared, j^irst in manuscript form»^d then in the form of revised 
text-boOks. Thesq revisions always kept the. essential ideas as 
developed by Euclid. Euclid's Elements wa^, ^or the mos^ part, a 
highly successful compLlatlon ahd systematic ar3?angement of the 
works , of earlier writers. Euclid accumulated the mathematical 
knowledge which had developed over a period of some 30p years, 
dur^ing whlQh deductive reasoning in mathematics had evolved, and 
organized this material into, iihe oldest scientific text-book' still 
in aotual use . ' 



-D. E. Stoith, History of Mathetftatics , Ginn, vol. 1, p. 102. 



(The material of the first foxir Books can be traced back to 
the school of Pythagoras (ST^-^SOl B.C.); Bool^s V and VI treat tl^ 
theory of proportion including the method of exhaustion, developed 
by Eudoxiis (c. 370 B.C.)* and Book X presents the theory of 
irrationals as ^developed ^by Theaetetus (c. 375 B.C.)* There is 
little doubt, however, that Euclid had to supply ^ nvunber of proofs 
and to complete or perfect others . l*he chief merit of his work 
lies' in the skilXful selection of the propositions and their 
arrangement "In a logical sequence presumably following from a 
small njimber of explicitly stated assumptions. Euclid referred 

to these assumptions as definitions, common notions and postulates. 

1 / 
Indeed, many of our modem texts * fail, in some respects in which 

Euclid succeeded. • ^ \ 

Perliaps some of t*he early phrases of *this chapter^re a 

'sliglal exaggeration, for some evidence is missing. No original 

popy of Euclid's work exists, and it is difficult to :tell what is 

' due to Euclid and what is due to the early revisionists. Recent 

archeological studies indicate that through th? various early 

"^Curjent Amerigan texts on plane geometry are based on fiooks I, 

III, IV> "V, ancj VI' of Euclid's Elements \ texts on solid geometrjr 
' ' — 

are based on Books XI and XII.' \The best and most reliable 
reference work now available is the monument^ three voltqne, work, 
.recently reprinted, by^ T. L. Heath, The Thirteen gookg . of Euclid's . 
'Elements, Dover Publications, 1956. / 



hand-written editions,- many changes were made in the "fundamentals" 
- defj^itions, common notions, and postulates - so that we do not ^ 
kfaow precisely what Euclid wrote* These studies do indicate that 
there, was early dissatisfaction with some of the preliminary l^eas; 
this dissatisfaction persists even today. The propositions usually 
appear as Euclid wrote them, since all such early manuscripts 'are 
in genera^ agreement on this score. But there is no doubt ^that . 
.Euclid-i^ work is the earliest attempt at" a systematic arrangement 
of definitions, common notions (now often called axioms), postulates 
and propositions whiSh presents mathematics as a logical deductive 
sciencfe. The subsequent inf^Luence on all scientific (not merely* 
mathematical ) thiJTjcJjrig can hardly be overstated. 
\ , ^ 5n ojpder to understand syid appreciate fully the contributions 
of Euclid to. mathematical thou^t, we must go back into the history 
or even pre-history of matheraatiics . Geometry, as an intuitive or 
factual body of knowledge, grew out of naturs^l necessity. Indeed, 
the very word "geometry" means "measure of- the earth". Many 
'.geometric facts were collected by early civilizations in Egypt, 
Babylonia, Cl^ina, ^and India. The facts were stated without any 
indication of any process of deductive reasoning. Some of the 
ideas were precise, others were approximate and were arrivfed at 
from experience,, and some were Jiist guesses;, the results. of , 
i experience or pure guesses were not always correct.* The Th.eordm of 
Psrthagoras', Tor example, at least in one form, was known tq the 
Babylonians at least as early as 16OO B.C. -Ablets, dated that 
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far back, giving tables of values of integral solutions of 
""a^ + =s c^, haVe been uncovered. Being conviinced, by experiment, 
that "The square on the hypotenuse of a right triangle is^ equal to 
the sum of the squares on ;bhe legs"' is one thing, and proving this 
Ic^gically: from explicitly (or even implicitly) stated assxqnptions 
;^lB^ another thing. We suggest an analogy from 'arithmetic: it is one 
thing to knovr that the product of two odd nv&^^rs is. odd, but. it is 
a ^"horse of a different color" tp^give explicit definitions axid , 
postulates euid then prove this fact. • 

The origin of early Greek mathematics is. clouded by the great- 
ness of Euclid's Elements , because this work^j^uperaeded all preqed- 
ing -Greek writings on mathematics. After the appearance of the 
Blementfe, all earlier works were thenceforth discaiKied. One of 
the laWr commentators, Proclxis (c. ^6o^A.D.), who did so much 
' towards preserving Euclid's work for its, in contrasting Euclid 
' with earlier writers - no doubt believing in the infallibility, of - 



Euclid' - stated in 
"The selection 
(Complete, 'dear, co: 



effect: 

and.arrajag^merit of^the fipidamentals was 



jisjeo and pid Of ev^xything superfluous . The 
theorems were presented in genej^aX terms, rather than as a number - , 
of special cases, and in all ways, Euclid's system was superior 
Jbb all the rest." 

WeCdG know some facts ^bout early -fireek mathematics. The ^ 
history of demonstrative geometry properly begins with the Oreek 
geometer, friiales of Miletus (6ifO-5^6'B.C.) . His^ actual contributions 
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to geometrical knowledge were few, but he first recognized the 
necessity of giving a demonstration based upon a logical sequence 
of ideas. He took the first step in raising geometry from a set 
of Isolated facta of observation and crude rules of calculation, 
concerning material things, to a logical consideration of geopietric 
concepts abstracted from these material things. He was followed by 
Pythagoras and hXs School, whose main contribution was that 
mathematics was ^studied from the intellectual viewpoint. The 
School of Pythagoras employed the deductive process of reasoning 
exclusively and systematically, and thus raised mathematics to the 
rfink »of a science, despite the fact that , their .whoj.e philosophy 
was shrouded in the mysticism of -whole numbers ^ They distinguished 
mathematical tlieory from practice (which they disdained, >^d proved 
fundamlental theorems' of plane and solid geometry, as well ab^ 
theorems of the theory of h\ambers.. To their dismay, they also 
discovered^ and proved the irrationality of v^. This very dis*- 
covery, being directly contrary to Pythagoras'^ preconceived 
ugystical and indefensible concept of th^ relation of numbers to 
the universe, was the cause of the downfall of his own school of 
thought . ' ; • / 

We shall mention only^two of the many geometers that followed 
this' period% The renowned^ paradoxes of Zeno (c. .450 B.C.) t 
initiated another crisis in mathematical thought. They are • 
concerned with the difficult problems of continuity and th^. . 
riddles of the infinite. Even today the problems of .continuil 



^ ^re stiambling blocks for school-boys (or school-men), and the 

rlcH^es' Of the infinite have not yet been completely iinraveled by , 
mathematicians and logicians. As far as high school geometry is 
concerned, the problems of contlniiity were resolved by Eudoxus 
(4o8-355 B»C.) in his method of exhaustion > In modem terminology, 
we would refer to this methad'ks the theory of Inequalities , which 
* In txim is intimately connected with the theory of limits > , In o\xv 
American* texts such topics are often completely overlooked or re- 
legated to the appendix (that, part which is usoially left out). In 
our better texts after some rationalization, proofs Involving such 
topics are replaced by appropriate postulates. 

TAen came Euclid. His Elements " ("c; "3^0 B/C;) unified the 

1 

w^rk, of many scholars and systematized the known mathematics of. 
* the- day. The deflrittions and assiaraptions, the arrsuigementT the * 

form., and no diubi; the. completion of many partially jdeveloped 

topics are (as far as we know) due- to Euclid, althoxigh he leaned . 

heavily on the shoulders of Pythagoras and Eudoxus. Euclid set J' 
« himself the task of flndinl? an adequate and universally acceptable 
\sep of postulates for geometry, and at the same time, of avoiding 



1 



"4?hls work does not consider the subjed't of conies. There is 
evidence that some knoiiffledge ojithis subject was available, ]3ut 
jthere Is' also some evidence that this topic w^s includ^jd in some - 
of the "lost Books" of Euclid. * • ' ' 




a ..pwli^eration of assxunptions . Holding down the number df * 
postulates feidds to the "fun 'When some conclusion is reached with ^ 
less price In the number of assumptions; it may also increase -the 
.ntunber of interpretations or models of the post\ilate system, or , 
make it easier, to check that a* m^del actually satisfies, the ^ 
postulates. (See Section 6 of Chapter 2 on Postulates or the 
ari;J.cle on . Finite Geometries in the ^ommentaries JCor Teachers,) 
modem texts do of4;en contain a proliferation of assumptions, 

of, which are repetitious in the sense of non-independence. 

\ t - ' • 

Euclid,' ti'i^d to ayoid this. In our-^bdem texts, the crii;ei'ion, 

maybe/advlse'dly^ seems to l^e: 'If it is diffic\ilt to prove, assiome 

it.' Too 6ften the assumption is never explicitly state^. Eiiclid 

tried J;o avoid this also. However, some compromise must be' made 

between having Just a few postulates ana presenting a large number 

of "postulatres, so 'that the theorems proved are those that are most 

'readily understood by the audience* for which the material is 

intended. Euclid did^ not write for school-bojrs; but for the 

scliolars and philosophers of his' day. His work showed a seripus- 

.ness of purpose tod a desire to be rigorous and to avoid the use 

Intuitive geometry. He even demonstrates the, correctness of his 

constructions before using them, an* he is not afraid 1?o treat 

incommensurable magnitudes in^a logical fashion. He was interested 

iii^ the systenjization of geometric facts, not in their discovery. 

His ifork showed no interest in the analysis of a proof, but rather 

, In.its sjrnthesis in a ri^id fffrm: proposition, hypothesis, proof. 



ERIC , , . 



.coiiclualpn. He tried to push aside the geometric facts gained by 

I ' * 

experience and their praatical applications, and placed emphasis 
upon logical deductions. "Thou^ experience is no doubt a good 
teacher, in mana; situations it would be a most inefficient way of 

obtaJmng knowledge • • • . The method of J^rfal and error may be 

/ ttl " ' 

direct, but it ipay also be disastrous. To this quotation we may 

ad<y> not' only that it may, be disastrous, but It has been. The 

history of mathematics Js replete with .incorrect statements based 

on limited experience^or experiment. This does not mean that w6 J 

should overlook the role of experiment, either physical or 

nnathematical , in suggesting facts. We must merely make sure that - 

/ "2 
any suggested fact is given a logical proof. . * . ^ 

Euclid recognized the importance and necessity of starting 

\ 

with appropriate ^definitionls and assumptions* Hfe wisnt to un- 
necesCiry and inadvisable' lengths to defVne every teita, although' 
he was acquainted with' Aristotle* s statenUnt: "lt\ is not eVfery-* 
thing that can be'^proved. You must begin\somewhere." Euclid 

recognized this with regard to his axioms Wid postnlates but qver- 

, '^'^ 

looked th^ corresponding ide^ with regard to his definitions . 



1 • ' * 

Tlorris Kline, MathematiSs in Western Culture, Oxford University 

Bress, p.. 24. , - 

For excellent^ discussions of the role of experiment and other 
iq^es of plausible reasoning in mathematics see the books by 
•G. Imya, How to Solve It, and Mathematics and Plausible Reasoning . 
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Unfortianately, most modern text-book writers haven^t reco^ized 
it yet. It is not our purpose to discuss his de'l^nitions here - 
thai?, will come later - but ta^ point out that they are not satis*- 
factory from either the^modern point of view or Euclid's ideal 
) and puipose. They cannot be used in ,the devolpment of the super- 
structure (the Propositions) upon a strictly logical basis. 
Euclid's common notions, often called axioms , *are essentially 
general statements wHich correspond to the usual ^ioms of 
equality, and addition of ordinary arithmetic • Euclid did not fef e,r 
-to them as "self-evident truths"; this connotation was due to later 
. iWritera, jfAio were not as expert as Euclid, If, -hjOwever, we accept 

these definitions aind common notions upon an intuitive and des- 
^ criptive basis as abstracteid from our physical universe of common 
experience, they may guide us to later precise definitions and ^ 
assumptions, which can be used as. a basis for a strictly logical ^ 
development of gef>metry» This is the basis of Hilbert' s axiom 



•^David mJbert, Grundlagen der Geometric , 7th and final- edition, 

Teubner,' 1930. Sev^eral editions of the English translation 

( Foundations of Geometry , tr. by E.J. Towrisend) have also appeared. 

For a condensed version for plane geometry, see Eves and Newsom, 

An Introduction to the Foundations and Fundamental ^ Concepts of 

Mathematics , Rinehart, 19^8, pp. 87-88. See also Section 2 of * 

dhapter 3, where th^ incidence postulates stated are^ essentially 

. . . [ ' -? 

tli^ose given by HilbertV Other references and details of Hilbeit's 

postulates will be given later. • 
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system, by means of whicJi"iBu611d^s Elements can be made logically 
y Correct'. ..It should be understood that there are no "false" . 
Propositions in Euclid^ s Elements > only incomplete proofs and • , 
^tatf m^nts . that do not follow logioally frx>m his stated premises, 
but which Sepelid upon his. preconceived ideas based- upom intuition 
and experience. A number 'of the^e omissions will be discussed^ 
later in Section '2. ^ ' » ' • 

The assun5)tions that ve^e ^x^idainentally^ of a geometric ^ . 
character Euclid called Postulates, and it was here that Euclid 
showed his mathematical acumen. Thwc^ were five such Postulates. 
I. *^'A st3?aight line can be draw^ from ieuiypoirrt to any point, 
II. A finite straight line can^e produced cpntinuously in a 
straight line. ^ . • * " . ' . 

^11. A circle 'may be descrCj^d with aiiy center and passing 
" through^ a given point. . 

IV; All ri^t angles are ec^fa^^^ on ^ andthg 
V. Will be considered Is 
* Although he didn^t say so, theM is no doubt that Euclid Ijnplied 

the uniqueness as well as the existence of the cprresponding line' 
0^ and circle. Euclid did not pky any attention to the tools, ruler 
"and compass, theoretical or pract^c^l, by, means of wh4.ch these 



^Today, mathematicians make no distinction betweejn the terms: . 
axiom, .postulate, assumption, agreement, and principle", as long 
as they are merely statements which are assumed without proof. 
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bonstinictlons could be made* As has been already pointed out, Jhie 
v^s interested only in logical deduction and not the applications 
of geometry • Of course, we .cannot actually draw a line or a Qircle 
ii> a phjrsical sense, but we can draw very good models of them. 
The^ entities of geometry are mental constructs ahd the drawings 
are physical objects with roughly similar properties or substitutes 
for them. The heuristic value, of these models was not overlooked 
by Euclid and shoixld never be under-rated by vis. A well-drawn 
"diagram has enormous he^uristic.Jralue; it is essential in the 
"discovery" process and in the analysis, and it is even very useful 
' in the synthesis or formal proof a la Euclid, but it cannot be 
used to provide a logjc^s^l proof of the statement. Indeed, the 
i*act that the proof must\ise the model Is prima facie evidence 
that something is wrong qv. missing. The best two illustrations 
are Euclid's proof of the "Theorem of the Exterior Angle" ^d of 
the Proposition: "if two pJLanes have a point in common, they have 
a line in common*." ' 

In his second postulate Euclid recognized the infinite 
character of the line, and although he did not state so precisely, 
he used the postulate in the sense which required that the -length 
of the line be ^finite. All the def i;iitions , axioms'i^and 
.postulates so far were ir^latively simple of comprehension and 
fxilly In accord Vith experience, arid no one ever questioned* them 
for over 2000 years. But the fifth postulate -'Euclid^'s Parallel 
Postulate - was pf a different character. r - 
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V. "if a straight ~lJLne.» falling on two straight lines makes- 
the interior angles on the s-ame side together^less than^two.xigbt^..^ 
angles, then the two straight lines, if prod'uced^ind^.nitely, . - * 



meet on, that side on which the singles are tojgether iW's than two 
right angles . " . * • , ! 

Thi^ postulate was not acc^ted without misgivings, jand raudh of 
• the histpry of Euclidean geometry after the fall of th6 School of 
Alexandria until today is concerned with the attempts and fail\ires 
'^to prove this postulate on the basis of the other as,suraptions» We . 
shall discuss som^ of th^se attempts in the next section. 

The introduction by Euclid of his Parallel Postulate was no 
accident. It was a mon\ament to Euclid's insight and skill' as a 
mathematician and l^giciajr. The evidence is, in the Elements > He, 
tried to 4)roye everything he could without it; he even introduced 
• peculiar Propositions with 'but one intent r to prove all he could 
about parallel lines without the Parallel Postulate* This 
postulate is essentially the converse of Proposition 17, Book I 
of Euclid's Elements- ^ whifah-4n brief form is: 

•^If two lines cut by a transversal d9 meet, then. the sura of ' 
the angles is less than two ri^t angles." ^ , 

It Is true that the pjroof of this theorem depends upon Proposition 
l6,* the "Theorem of the Exteribr Angle", whose proof /!:s'T»<complete 
and cannot be completed on the basis of Euclid's expli53§i3:y^"?T5^ted^^ 
- aiisuraptions . But even the best mathematicians did not realize this 

for'^ome 200(|J years. They were sd^ intent upon "proving" the 

I? 

Parallel' Postulate that they over-looked the other errors and the 
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possibility -that it could not be "proved". It .would be much simpler 
to develop geometry if Posttilate V were iu3ed immediately aft^^r 
Pa?op6sition 17^ ^t because Euclid didn't, modem' text-booTcs do" not 
either, ^^udlid went on as^ long as he .cjould without it^-smodeI^l; 
foundia^ion theory often does the same thing. In Proposition 28 j ' 

^^oli* proved the contra-positive -J the opposite of the converse 
of Proposition 17, and then used his parallel postulate tp prove 
the opposite of Proposition 17, which Is al^o^^the^ converse of 

• PaToposition 28. , It is indeed a peciiliar order, but motivated by 
Euclid's desire to prove everything hi^ o^^ld and postpone the \ise , 

d. In between Propositions 17 
and 27, Euclid developed the theory of inequalities with^ respect 
to onei or more triangles. Euclid was willing to pay the prii^e of 
harder work to obtain Propositions l8 to 28 wit^iput recovirse to* 
Postulate V and for the moment the contents ""of these Propositions 
is irrelevant — the niomb^rs are relevant because they ji^ll how - 

.long Euclid postponed the iU3e of this Postulate./ If po^^iin^^'^io^ 
is learned from this"';suialysis,^it should point o^jt the^^xtremeU 
care xised by Euclid in order to systematizef* and organize geometry 
into a complete and logically correct structure; -/I,- V \ 
^; In summary, the outstanding contr^ution of Euclid' s Elements 
lies in the development of the modem mathematicai met^hod - the 
hypothetical-deductive- method of modem Djathema^tic^ . ¥e owe much 
to Euclid because he possessed the ideal of pla<5lng mathematics 



on an unii^eachable logical basis. He deii^Mt^ted how^muchL_ 
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knowledge ca^n )?e derived by 5?easonlng, alone - for he gave hundreds 
of proofs >a^ed upon a relatively few ass\imptions , and it was 
' through hla' Elements that 'later civilizations, learned the p'ower 
'of;* reason. ' ^ ^ ' ^ 
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2* * The Mistakes of 'Euclid , Over a period of almost 2000 
yeaM, many mathematicians accepted EuclidJs Parallel Postulate 
with misgivings, and attempted to prove this postulate on the basis 
of his other axioms and postulates. Many "false proofs" were 
published, or unwittingly> '•proofs" were given which depended upon 
assximptions which are Ibgically equivalent to Euclid's postvilate. 
These attempts,, arid failures finally led to the discovery of what 
we now call non -Euclidean •geometries, which |)lainly showed the 
importanae and necessity of Euclid^-s Parallel Postiilate^ (or soqie 
logically equivalent one) for the completion of Euclid's work. 

• ^t they did more than that. They opened up wide v^SLtas of 
mathematical progress uninhibited by the doctrine of the in- 
fallibility of Euclid. . , • - , 

The first, real progress was made in ^1733 by a Jesuit Priest 
and Professor of Mathematics at the University of Pavia, Gerolano 
Saccheri, who, however, reputiated his own achievements, and 

. jegt'ltled his. work: "Nuclides .ab omrtl naevo vindicatus," or freely 
translated: "Euclid is free of eveiy blemish." Saccheri denied 
an assumption that is* logically equivalent to Euclid's Parallel 
Postoilate and kept all the rest. He developed a logically con- 
sistent body of theorems for a geome^tiy which differs from that 



15 

of Euolld. But he was so convinced of the iiifallibiOLity of Euclid, 

thatj^ln a final chapter, he lost himseir in the morass of phllo- 

isjophical meanderings in the realm of the infinitesimal and rfejected 

all his own correct reasoning and concluded with: "Euclides ab 

omnl naevo vindicatus" - when indeed the Fifth Postula^te was not 

f 

even one of the mistakes of Euclid. If Saccheri had had a little 

more imagination and had not been so convinced that there couid| be 

no mistakes in Euplid, he would have anticipated by a century the 

discoveries of Gauss, Lobachevski,' emd Bolyai. Indeed the Parallel 

Postxilate was not one of the mistakes of Euclid, 'but it was one of 

hi9 crowning mathematical achievements . It is not our intent |to 

gQ deeply into the subject, but to make a few pertinenj; comments. 

* * * ■ ' 

Gauss had developed many ideas along thiB* line by 18OO, but be had 
_ , . t . ' ' > ' 

' pu&XIsHe^ncything on th^ subject. But I/Obachevskl in 1823, and in 

later writings, had the .courage of^his convictions. Although the 

imprint of .Sacclieri^ s work is plainly visible in his writings, his 

attitude Was different, eind he gave a complete development of 

Hyperbolic Geometry. About the same time, the work of' the yotinger 

Bolyai was sent by his father to Gauss. Gauss replied that he had 

been in^possession of mxoh of this Material a long time, only to 

be accxised of .plagiarism, Bi^t all of iliese writers^had still"^ 

placed too much faith in Euclid, and it w^n't until Riemarin, in 

.185^, ^published his famous .dissertation that the true situation 

Yfecame^ appwjent • Riemann started from an entirely different point 

of yiew, that ofU^ differential geometry, and showecl the existence 

Of so-called Elliptic Geometry, imich his predecessors had rejected 
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and^polnted out that other posttLL-ates of Euclid needed carefxil 
scrutiny. The importance of the work of these men does not lie 
entirely in**the discovery of new geometries, but* also In the fact 
that, it caused a crisis in mathematical thinking- which led to a 
critical examination of Euclid's Elements and to the discovery of 
many mi/stakes of Euclid and to methods of correcting them. 
Felix Klein-"^ wrote in 1*908: 

"Th9 ideal purpose which Euclid ha'd in mind was obvio\isly the 
logibal derivation of geometric theorem;^ from a set of premises , ^ 
completely laid -down in advance. But Euclid did not, by any means, 
reach hi? high goal. Nevertheless, t3?adition is ^o strong i;hat 
\1 BiKlid^s presentation is widely thoiight of today as the tin^celled 
V pattern for the founaationB* of geometry. 

Let us now examine some of the, i^istakes of Euclid, not* for 
the Ipiirpose of criticism, but iso that we may avoid them in our 
* presentation of geometry.. . .. t r 

• (1) Eiiclid tried to define every tem. 



Let us l^ook at one illiustration. point is that yrhicfh has 
no part." Siu^ly this does not tell you what a point is.. Other ^ 
'mathematicians of his period did not do much better. ]^hago37as 
said: - ♦ 

"a point is a ^onad having position." . ^ 



Mathematics from an Advanced St andpo int. See vol. 2, 
pp. 188-208. See also A.E. Medep,.Jr., vmat is. Wron^ WitK Euclid , 
Mathematics Teacher, Dec, 1958. h ^ •> * 
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Ahd.what do^^ou mean by position? Let us make up a definition: 
EosiJ^ion is a property possessed by a pointl This should be 
enough to convince^ you that we had better let the term 'point' 
remain* undefined. ' It is only necessary to examine Euclid's 
definitions of point y line T and plane to discover that they play 
no role whp^tever in the logical development of geometry. We must 
start somewhere with uridefiried terms if we wish to avoid cirpum- 
locutions, and' here is a good place to begin. 

(2) Euclid's definitions are not always precise and meaningful, 

0 

"A line is length without breadth." 
If we know what is meant by length and breadth independent of any 
connection with a line (curve), this might be precise, but as it 
stands it is nonsense. It tries to identify a geometric entity, 
a line, or perhaps a collection of entities, a set' of .poin^Js, with 
some attributes of* measurement, which themselves are meaningless ^ 
without knowing what a line is. • ^ 

In the above definition, the word 'line* is used in the sense' 
of 'curve', including 'straight line', and the latter term is then 
defined as follows: ^ 

"a straight line is a line which lies evenly with respect to 
its 'points ^ ; ' - 

This statement is wholly obscure. If you tr^^>tQ 'explain it in 
terms of motion, you only complicate matters by bringing In more 
undefined terms which are extraneous to the subject matter. That 
Is, ydu might prefer some modem* (sic) definition like this: 
'lA.line (curved line) is the path of a moving point."' Pirat, the 
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idea of physical motion has been introduced, and second j, what* "do 

you mean^ by p^th? If you -^ry to side-step the difficulty by^ ^saying 

we merely mean change of position , you are back where Pythagoras 

began. ' , , ^ . ] ' 

perhaps you have heard this often t "A stra^Jght *llne i%i^bte„.^ 

shoartest distance between two -points." " As a definition it is; 

entirely unacceptable. The veiy concepts of line or line segment 

ancf distance' are radically different. It is true that Euclid 

proved the Triangle Inequality Theorem, but that comes many pages 

and some twenty apropos it ions after the jdefinitions were given. 

And what do you mean by the length of a cuived line? If you know 

anything about limit theory or the integral calc\il\is, you might * 

supply an answer, but it is too late. Perhaps you are convinced, 

anywSy we are, that the* term 'line' had better remain undefined. 

r 

These and many other ill-stated definitions may be harmless 

j * 

if properly fenced off in the department of pictorial representation 
or informal geometry. TJ^^^peiiS'tulat^s list those, assertions from 
which all concliasions in' this branch of mathematics will follow. 
It is merely in the logical development of geometry that such ill- 
stated definitions are worse than useless. This is disc\issed 
further in Chapter 2 under the headings^of Descriptive Definitions , 
Pos tulates , and Explicit Definitions . . 

(3*). >Euclld*s 'postulates are- not always stated precisely. 
"Postulate 1. It is possible* to draw a straight line from 
any point" to any point." ^ * , ,s 

.'Draw' has a physical connotatiorf but we will credit Euclid 



as meaning it in the sense of 'there exists'. Such ideas were^ 
currerit in .the j)hilosophy his day. But as Euclid used the 

postulate, he meant 'more than that. He meant there is one and 

/ 

only one sucb line* It is not dif ficxilt in this case to say what 
you mean/ and that is precisely what we intend to do. 

P^ostulate 2. It is poss hie to produce (extend) a finite 
straight line continuously in a staraight line." ^' 

This postulate w^s mlsxmderstood because Euclid did not 
indicate what he meant by 'continuously' . To xmderstand the 
difficulty let us talk in terms of measurement. If we start with 
a segment -(Euclid's finite straight line) of unit length and 
produce it ^ a unit, and then j a u^it, and then ^ a unit, 
and so on ad infinitum, *each time extending it by one-^lf the 
previous extension, we will be producing the line continuoxisly, 
but* that is not what Euclid meant nor how he \ised It. But he was 
familial! enough with Zeno's paradoxes that he should have avoided 
his loose statement. No doubt Euclid meant that the segment could . 
be extended by any amoimt (indefinitely), but so coxild a circular 
arc. But tHere is a difference. In the case of the line, Euclid 
meant that we would never return to any point we had before, while * 
in the ^ circle we would. This distlnctioji was not clearly recognized 
until the time of Riemann's famous dissertation of I854, so Eucl\d 
is exciisable, but not his modem .imitators . Euclid's difficulty 
cannot be resolved without some consideration »of the concept. of 
•iDetween' , iirtiich Euclid entirely overlooked, except on a purely 
intuitive ba^is. This difficulty was recognized by Eudbxus before 
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Euclid, and by Archimedes after Euclid, and we must give proper 
attention to this concept of 'between' in .ovir presentation of 
geometry. 

There are similar difficulties in other postulates and common 
notions, but, we need "not point them out here. We merely need to 
heed the warning that if we expect to present geometry on a strict- 
ly logical basis that it is necessary to say what you mean, or some 
one will* mis inte^ret what you say. " ' 

(4) ^The posttilate system is incomplete. , - 

We have already gi^en some indication of this with regard to 
the Postulate of Extension and the lack of consideration of any 
Post\ilates of order. /But the» same indictment can be made becatise ♦ 

the proofs of some propo^^^ions are logically incomplete due to the 

A' 

fact that the assilmptior|B upon wl^ich they are based were not In- 
cluded In the Postvllate system./ Let xis look at sotoe of the proofs 
In detail, f / " ^ * 

Proposition 1. Book I. . 

"On a given finije sta^aight line to construct an equilateral 

triangle." / 

The essence of the construction is 

to, draw a circle with center A , ^ 

which passes throu^gh B, and one with 
Renter B which passes throxigh ^A.- • 
.If the circles meet at C, then the triangle ABC is equilateral. 
' Notice our emphasis on the word 'If . Since we must take the tenns 




ERLC 



30 



21 

liipie and plane as \mdefined, we really do not know precisely what 
they mean, although we may have pretty good models for them as in 
Pig. 1. Perhaps you construct such a^ model, using a line segment 
of relatively small length, and say; "l can see that they inter- 
sect. If you can't see that, you are stupid, or pentally deficient, 
or Ju^t stubborn,** If we keep on producing the*line segment/ it 
won't be lonfe \mtil we can no longer construct the physical model, 
and we can not see if the circles intersect. The Proposition is 
stated for any finite line segment, and the proof must b,e for ^any 
segment. 

Suppose we try the same construction on the surface of a 
spliere, where Ve have a different model, the sphere being called a 
"plane", and a "great circle being called ^ "line", where al^ we' 
ne^d to guarantee i^ that* these words in quotes satisfy the 
postulates that are used. Upon examination this will be found 
valid if the "line" segment has a ..length less than one^half that 
of a great circle, that is^ if we restrict our model to a hemisphere, 
PlTOt we vise a "line" .segment of relatively small length, and we see 
that th6 circles intersect. 
We might conclude that the * 
Proposition (it is really an, y 
existence theorem stated in 
different language) is also 
valid on the sphere; If the . 
sphere had a r*adius of a mile, 
or say 4000 miles, we probably 
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could not preceive the difference between it and a pl^e siirface. 
On the small sphere, let \is extend the "line" segment AB k little 
longer and little longer (Postulate 2) but always keeping A and 



B ^on the same hemisphere, and try it again, as with A^B^ in 
Pig.* 2* If A^B^ exceeds a certain length the circles do not 
Intersect. Is this a •paradox? No, Just an error of omission in 
the original proof. Of course, we must assume the circles are 
continuous^ curves, curves without gaps, but that is not enough.^ 
The circles always intersect iri the' Euclidean plane properly con-^ 
sidered but do not always intersect on the sphere, and this 
difference, must be established by proof . or as3Un5)tion» What is 
needed here is a circle axiom in the plane ^rtiich will guarantee 
tfee intersection of circles under appropriat^ restrictions. This 
ait*cle axiom is not only a continuity axiom, Wt is^ also equivalent 




to the Converse of the Triangle Inequality Theorem, which app^rs ^ 
as| Proposition ^0, Book I of Euclid* s Elements in the fo 

^ "In Bxxy triangle two sides taken together in any manner are 

greater than the remaining one." 

■> 

In Proposition 22, Euclid proposed a construction problem: ^ 



^The concept of continuity is a difficult one, not only with 



respect to' points on a line, but alsp with respect to our n\ambep. 
system. This, concept is often hidden in our Postulate System, \>\ 
the teacher needs to be awar^ of some of its implications. ^ 



: 23 

"Out of three straight lines, which are equal \o three given 
straight lines, to construct a triangle: thus, it is necessary" ^ 
that two of the s'traight lines taken togethei' in any maimer should 
be greater than the remaining one." it is necessary ... / 

but nqthing is said about it sufficient , and "aye, there's the 
rub." ,This sufficient condition is one form of a circle axiom. 
Using the language of Euclid^ but not quoting , we could take as 
an axiom: * ' 

^Circle Axiom . Out of three straight lines, which are equal to 
three given straight lines, such that two of th^n taken together in 
aiiy manner are greater than the remaining oneTjll; is possible to 
construct a triangle. / 

This circle axiom can be stated in many differejpit i^d better 
ways tov the plane, but it is not valid for the spherd^''"lt-'ia 
sufficient to .note that the Triangle Inequality' Theorem '(Proposition 
20) is true but inc9tapleV6tJror a spherical triangle. .It is really a 
very special case^of the Circle Axiom that 'is needed to complete 
Proposition 1, because for the stated construction we would use 
c + c > c. B\it our second model suggests th^t the converse is / 
false for the sphere. To prove a statemeij^t is false, one counter- 
example is enough; to prove it is tnler^ ^dozen special cases are 
liot^ enough. We assume the circle axi6m for the plane based on oiir 
limited experience and this, like all other postulates about a 
plaj:ie, puts definite restrictions on what the undefined t^ plane 
means. - - ^'-/ 



"'iPhe emphasis on necessary is supplied here< 
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Let us now turn our attention to another concept with respect 
.to %*ich the postulate system of Euclid (and his modem Imitators) 
is incomplete, that of motion""-. Some of the proofs in the theory 
of oohgruent triangles depend upon the physical concept of motion 
which is entirely extraneoxis to Euclid's geometric development. 
It 18 true that we can define what" £uc lid meant by motion, or that 
we can takre 'the concept as undefined , subject to a set of assump- 
tions, but Euclid did neither and many of o\ir modem texts do not 
do it properly either. These texts do essentially make an existence 
axiom: "There exist motions that do not .^hange size ot* shape," but 
that, is net enoujgh. Euclid, himself, recognized part of the 
difficulty and avoided the use of motion and its concomitant, 
.-superposition,! whenever he could give a proof by other methods. He _ 
used it sparingly and often proved propositions without it, even 
though its usi would provide a simpler "proof". . It Is true that a 
mathematical system of postulates and detinitions for motion can 
be made, but this point of view is difficult to develop, and uses 
explicitly the theory of G<5flgruent triangles, and, hence, could not ^ 
be used to develop the yftieory of .congruent triangles. It is no 
wonder that Birkhoff ind Beatley, irTthe iN'eface to their Basic 
Geometry- call 's\ich "i^raofs" demoralizing , and this point ^f view 
is uph^^ld by any 'i^alis tic" mathematician. But the sltuati^an in 



■^Por a further discussion of this concept, see the Appendices to 
the text, and Talks to Teachers in the Commentaries. \ 
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EucAd's Elements Involves another difficulty. Klein says: "The 
only, conceivable purpose for Euclid's Propositions 1, 2„ and 3 is 
to avoid the u^e of physical mention in order to prove Proposition 
^ 4, the Side-Angle-Side Theorem. But then Euclid did not v^e t>em, 
perhaps recognizing that they were not sufficient for that' purpose." 

If you wish to apply the theory of congruent triangles- -to 
triangles in different planes, there is still another error .of 
omission in Euclid's Elements , even^ if you grant the .use of motion. 
It depends upon Euclid's proof in one of the later books of the 
Proposition: ^ • 

"If two planes have a point in common, they have a line in 
common." 4 

The proof of this 'Propositiorj:*;ds indorrect. It depends upon 
the following cited statement: • 

"If two planes have a point in^ common, they have a second 
point in .common . " ^ ' 

Why? No reason is given, and no reason based upon any of his 
previous work can be given. Of course, we never sav two planes 
that did not have -this projperty, really we never saw two planes, 
although we have seen pretty good models of them. However/ let lis 
consider' another m^l. Two spheres (recall tliat the {S.^.^)\ 
Theorfem is also valid on the sphere) are (plac^d so they have ajtid 
retalA one and only one point in common, and let us imagine these 
sphere^ tp.^froi^^in size until each has" a radius of 4000 miles, say. 
Do yotf think yo^ could perceive the difference between the spheres 
and two places anywhere near the common point? Of course not, but 
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these apheres have ^nly one point in common.' Euclid's assertion is 
a pux^ assxMPtion about the properties of jplanes lii 3-space. 
Actually^ .it ^s false concerning planes in 4-space, Of. cbiarse, 
Euclid had no such conception available.. Since this Proposition 
cannot be pk>ved on the basis -of the o^er Post\ilates, it must be' 
talten as a Postulate,- and this is Just what we do^^ 

The most serious mistake* in Euclid^s Elements is the complete 
oldssion of any* considefration of order of points on a line,, that 
is, the concept of betweenness , and of separation of. a plane- by a 
lixiei This accounts for the errors of omission In the 'proof* of 
tlie theorem of the Exterior Angle . This theorem is- fundamental for 
"Euclidls 'development of the theory of inequalities ?^lated to a 
triangle, and to his. theory of parallel llQea^^^Aie .crucial point' 
of the proof depends upon the proof that ajcertato constructid 
point lies in tlie interior of an Wle.^Br^t^ince-n^ con- 
sideration of order relations or*-^eparation^ axioms le- Included in 
the Elements (or by most of his iJidtato'^) ; -^o^ can be 

given until appropriate Postulates iind ^eiihl^^ given. 
' These are' given in our p:pogram ^or the-Jde^Sfopment geomfetry. 
^ It is 'no wonder, tfie^,,^ that:Kle^in states: 

"So nonessential 'difficulties present themselves, precisely 
in the first theorems of the first book of the Eleme^, that there 
• Loi be no talk about the attainment by Euclid of his ideal. 
' ' Nor is it any wonder that Hilbert, Birkhoff, and others, as 
individxaals , and the Commission on Mathematics, The Illinois Study 
Group, and the School Mathematics Study Group reached the conclusion 
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tHat to attjaln the Ideal goal of. Euclid, we must have a fresh start. • 
It. will not be Euclid, but It will be Geometry that is con?>letely • 
v^dlcated. 



3 . TOie Prograa for Geometry . After the mistakes* of Euclid 
have been pointed outj It Is not too difficult to correct, them by 
Bitroduclng the needed assvm^tlons . , The best known procedures are 
'based upon the works of David Hllbert-"- and Q.D. Blrkhoff^. Hllbert's 
projp?am was to stay as near the form, of Euclid as possible and to - 

- sxQ>ply precise postulates which can be made the basis >of correct 
proofs of all the Propositions of Euclid's Elements' ^. The entitles", 
po£nt, line andS^e, and the relations Incidence, between aiid \ 

- congruent are taken as Tindeflned but ^j^ted by precisely stated 
postulates. IRie first postulates are' cpncemed- with the Incidence 



■ -"David Hllbert, Grundlagen der Geometric ( Foundations of Geometry ) . 

A number of both Germah and English editions are available. See 
* also Eves .and Newsom, In Introduction 'to' the Foundations /and 
. Fundamental Concepts of Mathematics, p. 87. ^/ 

<1.D. Blrkhoff , A Set of Postiaates^ for Plane Geometry , Based on 
Scale and Protractor , Annals of Mathematics, vol. 33 (1932), 
. pp. 329-345. See a-lso Blrkhoff ^d Beatly, Basic Geometry . 1940. 
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A text for high school students based upon this program has recent- 

ly been published: Brumflel, Elcholzand Shanks, Ggometij, 1960) 
Addison-Wesley. \ 
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of -points and .lines, points and planes, llnes^and plane^, and^two ^ 
planes, and fill the gaps left to the Ijnaglnatlon by. Euy.ld^. 

The next set are the axiom of order. Involving t^ie concept of 
"between. In order to give the points on a line the same cljaracteris- 
tics tjiat we usually relate to real numbers. These Ideas are theh 
related to points In a plane In order to develop the notion of 
separation of a plane by a^^e, a notion onen used by Euclid, but 
about-whlch Euclid said nothing In his "El^taents". Hllbej-t used an 
axiom due to Pasch which can be stated as follows: • ... 

Axiom of Pasch . line which passes through a point between 
two vertices A and o'f a triangle ABC, either passes ^through 
a vertex-, "or a point between - A and C, or a point between B 

and C." " ' • 

-The next set contains the axioms of congruence concerning 
congruent segments and congruent angles, stated in a manner to 
suggest their analogy with the relation of equality and the operation 
of addition that' we "usually Associate with real numbers. These three 



^It is not expected that the reader be" acquainted with tfie works of 

Hubert and Birkhoff. However, Hilbert's Incidence postulates as - 
* / -used by SMSG are stated at the beginning of Chapter '3. The purpose 
/ here, is merely to start a discussion of the points of view of these 

two leaders, and to state how SMSG drew upon both of these pre- 

sentatiohs . *k - 
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s^^^'a^e neroessary to fill in the gaps left by- Euclid, To complete 
^e,p0^tolate system, a parallel postulate and a continuity 
K^stuiate are required, Hilbe^rt used the.PIayfair form^ot the 1 , 
parallel gos'tulate and an axiom of continuity knowfT Sls the Law 
Archiri^des . ' - 

■ - . ' ; . ■ . . 

^ Euclid did not wite for school-boys but for philosophers and 
scholars of his day. Neither did Hilbert' wite for schooX-boys. 
In part, the Hilbert (or synthetic) approach is' too sophisticated 
for a beginning course in geometry. This is why we have been 
forced to the conclusion that a tenth-grade course based.upon ..^ 
Hilbert's Foundations of Geometry would, in our opinion, be so 
mxeachable as to be- -ridiculous • #This does not mean that we , reject 
his ideas ei;itlrely. Indeed we use many of Hilbert^s ideas. We 
accept the fundamental idea that point, line, and plane should 
remain undefined and adopt Hilbert^s Incidence Axioms, essentially 
as he gave them. , ' 

We adopt, hbweyer, ^e point of view of Birkhoff, that we 
should arithmeti'ze geometry as much ^as possible^ and* bxilld lapon the 
student's knowledge of arithmetic, elementary algebra and his 
ability to use a scal^ and protractor. This requires a carefxxl 



\ 



^ov a statement of this^ postulate see p. 32. 



%or a geometrRic' statejain,'^; of this postulate, see Eves' and Newsom, 
loc, cit., p. 88, An arithmetic eqiilvalent is as follows: If a^ 
" and b are positive numbers, there exists a positive integer n 
such that na > b. ^ ^ — 
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statea^nlf'and dlscussiou of the Axioms of Linear, Measures and 
Angular Measure which are not beyond the understanding of a tenth- 
grade student 7 It^^'is assumed that the student Is ,already familiar 
with those properties of real n\mbers that ^pe needed, or these 
pi»opertie's are stated' (as axioms) on an informal basis. This 
arithmetic approaoh^not only has t^e advantage that it builds upon 
,^what the student adf^eady knows, but it lays the foundation fqy the 
early introduction .of analytic geometry,^ When it is simpler to use 
definitions or posttdates given by Hilbert than those giyen^ 
otribi^' we have 1X0.^^8 ita,t ion in iXsing them. But m^ny of Hilbert* s 
ideas appear as theorems that can easily be proved by the BliWioff 
approach. ^ In particular, the notions of between and segment are 
closely associated with corresponding ideas of arithmetic. It is 
very difficult to prove the Axiom of Linear Measure from the 
Hilbert b'v similar approaches-. If you need to be convinced of 
this fact you need only examine .bow it is done in H.S.M. Coxeter's, 
The Real Projective Plane , Chapter 10,; or to study' H.G. Porter's 
book. The Fotmdations of Euclidean Geometry . This points out that 
the Axioms pf Linear Measure and Angular Measure are very powerful 
fpid desirable tools for the development of geometry. 

We have' adopted a Separation Postulate*^ (of the plane by a 
line) instead of^ the Axiom of Pasch because it is more directly 

^ ; . _ • , ' ' * 

•^See Chapter $. A formal proof *fchat the Plan&^Separation 
* Postoilate -inqplies the Axiom of'Pasch is given as Theorem 5«^* 

' ERIC 40 - . ; 
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applicable to i;he theorems we wts^ to prove^ and it is more nearly 
rented to the ideas of inequality usefvil in analytic geometry • 
Itis this Postulate, for exan5>le, which permits us to supply the 
missing steps in Euclid's proof of the Theorem pf the Exterior 
J^f^e, if we so desire. At least, it makes.it possible for the 
- teacher to \mderstand the proof, if ^ver called Upon to explain.it, 
and to recognize Euclid' S'^ss\ang>tion in his oft repeated proof. 
The Separation Post^llate enables us to clarify the whole concept 
of angles related to two intersecting straight lines. In a niimber 
of Euclid's 'proofs' , h^t tacitly assumed that a ray which lies in 
the interior of an angle ,of a triangle meets the opposite side of 
the triangle; ai\d conversely, that the ray determined by a vertex 
and a point of the opposite side lies in the. interior of the angle. 
This second statei^ient Is easy to prove on the basis of the Separa- 
tion Postulate, but the fi3?&t staten^nt isF difficult to prove. 
Because of' this both statements, or at least the first, may well 

be stated as a Posttilate without proof, but neither statement should 

* *> « 

be overlooked, if we wish to avoid the mistakes of Euclid.' 

One of the main advantages of the use of the Axioms of Linear 

Meas.ure and Angular Measure is that the trtioie theory of congruent 

segments or unequal segments, ajid of congruent angles or unequal 

angles can be px^it upon a precise arithmeticai*basis independent of 

any notion of motion. The necessary connection betweegn congruent 

segmSnts'and congruent angles is i^upplied as in Hilbert'd 

Foundations by assuming the {S.A.S.) Theorem as a posttdate. 

Whether or n^ you prove that (A.S.aO Theorem anti the (S.S.S.) 
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Theoa?em is a matter of how much rigor you 'wish to include. 
Emphasis is placed upon the idea of one«^J;o-one correspondence,^ and . 
the Isosceles Triangle Iheorems ap^Tproved by making the triangle 
ABC correspond to itself, that as, triangle CBA, by making A, 
B, and C correspond respectively to C, B, and A, s,A mpre 
conventional proof is^also included, but now the Axiom of Separation 
or some other postulate is available, if desired, to fill in the gap 
in the proof . 

We follow Hilbert in the use of the Playfair Parallel Postulate: 
I ''Through ^ point not on a given line there is at mqst one line 
parallel to the given line." Euclid proved the existence of parallel 
lines on the basis of the Theorem of the Exterior Angle, by showing 
that *iC a transversal intersects two lines so that the alternate 

* interior angles are equal, the lines are parallel." It would have 
been simpler, after this is done, t6 as^sume its converse as the 
parallel postulate: > "If a transversal intersects two parallel lines, 
then the alternate interior angles are equal." One reason for it is 
that this angle criterion is the property that- is \;^ed^as the basis 
fop geometric constructions. For some reason not fully understood, 
Euclid considered what today we call the opposite and contra- 
positive of the Propositions he had proved, but we recognize tQday 
that these concepts need play no role in our geometry as long as we 

• foctu3 attention upon a"** theorem and it^ converse*, and are willljn^ to 
use ^the method of proof by contradiction when jneededr The ]?layfair 
Postulate and the Transversal Theorem for Parallel lines are logical- 
ly equivalent, 'and it is not difficult to prove either from the 
ather* 
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The theory of parallel lines is usually followed by the theory 
of Similar trj-smgles and the related topic of proportion. The 
first and basic theorem to be proved may be stated as follows: 

The Basic Proportionality Theorem . If a line parallel to one 
side of a triangle intersects the other two sides in distinct 
points, then it cuts off segments which are proportional to these 
sides. 

Several avenues of approach are available, (l) Take the 
theorem and its converse as postulates. With or without a proof of 
the theorem in the ^ commensurable case, (2) ^ Give a proof for all 
ca^es b^sed upon the theory of limits, or equivalently, on Eudoxes' 
"method of exhaustion" as presented by Euclid.' Such proofs involve 
rather subtle properties of the real niamber system and are definite- 
ly not for "school-boys". However, we give such a proof here (at"^ 
the end of Chapter 8) merely to show what it is like. (3) Adopt 
the point of view of Birkhoff (see Birkhoff and Beatley, Basic 
Geometry ) and assume the (S.A.S.) stfffement for similarity as a 
b^sic postulate. (4) Follow Euclid and base the proof on the area 
concept. (See Euclid's Elements , Book VI, Proposition 2.) This 
means the development of the area concept, including the Postulates 
of Meaisurement of Area, before the discussion of similar triangles. 
The fundamental assumption that the area of a rectangle is its 
length times its breadth, a notion familiar to all students, by- 
, passes any\contini4ty argument and enables one to ^ive a readily 
imderstandable pi»oof of 'the basic theorem. 'This point of view is 
not common in elementary texts written in America, but it is the 
point of view we finally adopted. * ..-^ 
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The j^&t of o\xr program is conventional, but we are in a 



better pOsitlpn to develop the theory of similar triangles and the. 
Theorem pf Pythagoras than most texts because of o\ir Postulates of 
Linear Measure. The ground work for the study of circles and \ 
jBpheres, either synthetically or by means of cartesian coordinates 
in two and three dimensions has been laid* How far we go is a 
mattey ot the audience and o\ir objectives* • ^ . 

'We do not repeat the mistakes of Euclid •'^ We begin with un^ - 
defined terms, stating explicitly what terras are undefined, and 
make precise Postulates about them. We do not list all the 
Postulates first, but begin with a few and see what can be done 
with them. We introduce new Postulates when they are needed. We 

1* 

make definitions for convenience only, and they are precise and 
never clrciamlocutio^. We do not expect to present 'a system of 
mlnlmm postulates, but make our postulates strong enough to achieve 
our goal of proving the theorems from the postulates in a manner 



"Hfill mathematicians 2000 yeaj*s hence point' out the mistakes in o\ir 
work (or, more significantly, in Hubert's or Birkhoff's)? Undoubt- 
edly suoh criticism wTH^crome lii a ^mall fraction of the time. 
Standards of mathematical rigor -change with time, and while the I • 
present theory may be completely free from mistakes according to 
tpday's Viewpoint, y^e m^y havq well; overlooked somfe fine jioint pr; 1 
made mistakes i 6f a higher order of subtlety than those we realize 
were made in the past centuries. Sqme futxire geometer is stJire to 
point these out. 
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that ,the student should be *able to follow without memorizing the 
^ ^ details of the proof. We have planned the ooi:^e in geometry so 
that it is integrated with the students' previous knowledge, and 
• so that it may be , easily integrated with courses that follow it. 
We have done all this keeping in mind the spirit of Euclid^ s ideal, 
the logical derivation of geometric theorems from a set of premises 
oompletely laid down in advance. 



Chapter ^2 

1. Sets "''. Mathematics is often concerned with collectio^is 
of objects, rather than with incjividuals One frequently uses 6uch' 
phrases as "the integers "V "the prime numbers", "the points equi- 
distant from two given points", "the ver^'lces of a given triangle", 
"the lines parallel* to a given line", etc., Instead of speaking of 
a "collection", and "assemblage", or other such descriptive term 
mathematicians ^ have pretty generally adopted the word "set", and 
for each of the individuals making up the set-the word "element". 
Thus, the fourth set given above has as elements the ^ three points . 
irtilch are the vertices of the given triangle. The elements of a 
*set are^aid to^ belong to the set, eind the set is said to contain 
It^ elements. ' • ^ ^ 

A set itself has a dertain identity. A line is a set of 
points, but one can also consider it as an individual and talk 



\ 

*^ect^ions l and ^ have been kept brief because in €he gepnletry text 
only the language of sets is employed rather than set notation and 
set relations. A 'Simple presentation of set theo3?y can t)e found 
ixjt Introduction to the Theory of Sets by Joseph Breuer, translated 
by ^Howard P. Pehr, 1958, Prentice-Hall. 
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' about "a set of lines" as in the fifth example above. Much of 
modem mathematics is concerned with sets of sets "of sets of, 
sets • • • . * ( W\ » • 

If S ^designates a set and x one of its elements we write 
xe S, read "x belongs to "x is an element of. S", 

or "x is in S". . ' 

,ln geometry we are primarily interested in sets of points, or 
point sets for short, although for ^technical ptUTposes' we must also 
consider sets of n\ambers. (See' Chapter 4*) A point set is often 
referred to by the more familiar name of "figiu^e"., 

To specify a set we must give a criterion whereby one can tell 
without ^aiibiguity whether any given object is or is not ah element 
of thejset. "The set of all even integera" is well defined, but % 
"the set of brown cows" is not tanless we specify the time and agree 
on exactly what is meant by ^ brown cow. ^ 

"The set of brown cows in my (the author's) office at 5:15 P.M, 
on April 3, 1959 A.D." is a well defined set. It is the empty set, 
the set which has no elements. It may seem^illy to pall this a 



set. but remember that at oneVt'iiie it| seemelr silly to have a symbol 
for zero. We shall see. that the exsxpty set can serve a useful 
purpose. 

; The same set of points may be specifie4< in two, or ^Jriore,• 
diffe^ent ways. In fact some basic theorems of geometry consist of 
a statement to tliis effect; for. example, "The locus of point< equl- 
distant from two given points is the perpendicxilar bisector- of the 
-yi^lne segment joining thetfe two p.oints." (The word "locus", as 
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used in elementary geometry, is essentially synonymoiis with "set".) 
If* S and T are specified sets and we writers = T we mean that 
S and T consist of the same elements, or In other words that 
"S" and "t" are Just different symbols for the same set. Our ' ' 
use of the symbol and the word "equal" will be consistent in 

this respect. "Equal" will: mean "the same in all respects" or ' 
"identical". This is contrary to the practice in most elementary 
geometry books, where "equal" means different things atjcording to 
the context. 



2. Relations among Sets , If a set S .is entirely contained 
In a set S is called a subset of ^, smd we write SC ' 

More precisely, S C T if x £ T whenever x S S. 

If S . and T are sets, the set of elements common to S and 
T is called their Intersection , and is designated by S fl T , 
(read "S cap T"). In symbols, x G S fl ^"^p^ovided xG S 
and X G T/ IJie \^ord "intersection" is' of co\l?se borrowed from' 
geometry, 'wjiere it is ciistomeiriJ^ used in precisely this sense, as 
in speaking of ^thp intersection of a plane and a sphere", etc; 
A less familiar lise is illustrated 
in the adjacent figure. The inter- 
section of the two rectangular 
regions ABCD *and PQRS is the , 
region XQYD. Also, according to 
'oxxr de/inition, the intersection of 
a circle and a tangent line is the 
point of contact. Finally, if two 
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sets have no common elements at all their intersection is tfl^ empty 
V Bet. In 'this case we frequently use more common language and say 
that the two sets "do not intersect" . ' 

i ... 

In contrast- to the intersection of S and T we define their 
. toiion , S U ("S cup T") to be the set of points in either S - 
or T or^'both. That:is, xC S U T provided^ x £ S or x e T 
or xC S n T. The union of- 
i»egion ABCD and region PQRS 
is region . ABRS. .5 
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Exercises 



Consider the .following point sets: 



.Vnej 

is a circle in Pj 



f iS a pi 



.L is a line intersecting C in two distinct ppints X and ^ Yr 
S . Is the. line segment consisting of X, Y, and all points of L 



between X -^d Y; 

Q is the set of points inside "Cj 



W «ia the set consisting of the two elements X 
(a^y Which of the following are true? 



'^and Y. 



(v) 



.(1) C.CP, (11) -QCP, ' (iii) Qcc, (iv) c 
scQ,' (vi) wcs,' (vii) wcQ, (viii) ' s c;l. : 



Write all the true Inclusion relations among these six sets. 
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Which of the following are true? . ' , 

' - • • (i) W = C n L, (ii) S = Q n L,: (iii) W = S^fl L, 

(•iv) w-=snc, (v) s = Ln(Quc), (vi) s = (Qni-)uw, 

(•vil) in Sep, -(viii) Qficcs. 

(c) Describe in geometric terms each of 1;He> f ollowjjig sets; 

• : (i)' Qfis, (ii) aU L, (iii) , 'qUc. 

2. If S is a set, is S CS ' ever true? always true? 
' sometimes true? 



3.» Can you assign a reasonable meaming to S - T in all 
cases? in some case's^ . <> . 

^ ' 4. Give definitions for the. intersection arid the vinion of 

any ntaniber of sets . ' 

J ^ ^^ ^^^^^^ 

5^. (a> Show that (SQ T)CT and TC(S U T) . , 

i 

(b) Show that S fl T = T is e^ivalent to T C S. 

" ' (c) Show *tha\^S U T = T is equivalent to'gOT.. 

X ' 6. Show that SU(TnR) = (S.U T)C\ iS UR),; and that' 

sn(T UR) = (sn T;)u(sn R). 



* 3. Correspondences ♦ It is sometimes necessary to con side r a 
certain tsrpe of relationship between two sets. Let S .and T. be 
sets, and suppose there is a well-defined nile which associates 
certain "paii*s of elements, the first element of tha pair being fwm 
S and the second frgm T. Such a rule is called a correspondence 
betweein S agid T. - V 

Example 1. Let S be* the set of ali points of a given plane 

and T the set of all circles lying in that plane. , We associate a 
point P with a circle C if P is the centey of C. This is a 
one-tQ-manj; correspondence; each circle corresponds to exactly one 
point, its Q^nter, but each pbint corresponds to many circles. 

r 

Exang)le 2. With S and T a^^v^bove let a point'and a circle 
correspond if th^ point lies on the <^^vcle. This ^ is obviously a 
^ many*to->iiany correspondence. ' ^ 



Example 3. Let S be as before "but let T coiisist*6nly of 

. those circles with^a radlji|p pf onf inch Then the correspondenofe 
of Example 1 is one-to-one . ; 

t' ' ' ' 

^ i The lajst example illustrates the most important type of 
correspondence. A correspohdence between S and T is said, to 
be one-to-one if each element of S is associated with exactly ^ 
one element of T, and each element of T With exactly one element 
of S. Such a "pairing off" of the elements 'of the two sets often 
enables one to cany over to the second set some of the properties 
of the first. 
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Exercises 



1. Disouss'^the obvious oo^espondence between boo^c covers 
and. colors'/ — ^ 

2. Is it possible for a set to have a ♦correspondence-irtth 
Itself? with a proper subset"^' of li;self? could such a correspond- 
encfe be one-to-one? { 

N r ' 

3. If X and y represent integers discuss the corre- 
spondences: \ 

' (11) 
(111) 
(iv) 
(v) 
(vi) 



X < — > --x, 
X < — >x^, 
X < — >3x, 
X < 
X < 
X « 



y . if X + y « 7, 
y if 



^2.^ ^2 
X « y , 



if x^ = y^. 



, In this ^ifsLgure ^ 0 is the center of the circle C, AB 



is |>erpendicular to line - L, and 
X < — ^►Y is a correspondence 
between points X of L .and , 
points Y of C. la this 
/co3?respondence one-to-one? * 



Y J< 


{0 












L 



^Bj definition, every set Is a subset of Itself. S Is a proper 
\sul3set of T If S C T but S / T. 
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4^-^ Sentences . In all mathematics and-fiapfe Loulai - ly In" 



geometry we are interested in drawing cone liis ions from explicitly 

Stated IxSrpotheses in accordance with assumed laws of logic. To 

app3?ectate this statement fully, it will be necessary to disc\iss 

what we mean by a nvmiber of teinns tised in geometry and to state the 

assumed, laws of logic. To communicate ideas we use wo37ds (or 

synibols) which form sentences."^ We confine our attention to such 

statements or sentences which we assme are either true or false, 

2 

but not both, and are not meaningless but have content. If a 
statement is written to ^ich this assvmiption does not apply (and 
there are such statements) we, exclude it by agreement from o\ir 
discourse; TSj^ assumptions that the statement must be true or 
false, but notfboth, are often referred to as the laws of t 
Contradiction and the Excluded Middle of Aristo'telian logic. iThe 



•4)escriptive definitions of a sentence to be f o\and .in a dictionary * ^ 
might be these: (l) A related group of words expressing a complete ' 
thotight. (2) A verbal expression of an' idea which associates a 
peMon, thing, or quality, expressed in -the svtbject, with an action, 
state, ^or condition, expressed in the -predicate. We will use the 
words statement and sentence as synonymotis . ^ . 



2 



'In ord^r to avoid philosophical or semantic disctissions of the 
terms true and false, it is often found convenient to use the • 



. words "valid" and "invalid". . 
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assumption that the statement mxist have content, and thxis not be 
meaningless, means that we m\ist oe able to give at least one, and 
possibly more than one, in1;erpretation to all the terms \jteed. We 
may not know >^ether the statement is true or false, but we must be 
Willing to accept the fact that it is •either true or false but not 
both. We are willing to accept the sentence: "4 = 2 x 2" as 
true, the sentence: "4 = 3" as false, and the sentence: v 

= a parallelogram" as nonsense. On the other hand, we do not 
know^^Sether the sentence: "The decimal expansion of the irrational 



number ir cpntains ten consecutive - 7*s" is true or fals^e, but 

^ ^ ^ ■ ^ 1 

wp are willing to ^accept it as being true or false, but tiot both. 



5. Descriptive Definitions . To communicate ideas we \Ase 
words (or S3nnbdls) and we must have some idea about what they, mean. 
"We usually define certain terras by means of other woixis, and we 
should have some pre limifiary notion of what constitutes a (good) 
definition. Some definitions are purely descriptive, and informal, 
and by citing special inst^ces, giving illustrations or drawing a 
picture, give some meaning and understanding tp the teiro to be*^ 
defined. But such definitions cannot be lised as a logical basis 
for the development of geometry. Perhaps such a definition explains 



•^The fact that this is an assunipttLon is emphasized by the existence 
of schools of thought thatreject this^ post;i^te, especially the 
law of the Excluded Mlddfle. 

^ . ■ J 
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the term to be defined by means of other word^ d.lready defined^ 
these latter terras might be defined by means of still other slng>ler 
(?) ^Jerttis, and so on. But the process cannot go on forever. 
Eventxially, if we wish to avoid circumlocutions which are not 
logically acceptable, we must arrive at a few terms th^t are not , 
defined, but for which we have 'some, perhaps more than one, Inter- 
pretation. If we draw a picture or^use a physical model to illus- 
ti»ate the term defined, they are only special Instances, and there 
may be other models that could fit Just as well. If we wish to 
define ctirve passing through two points , I am^ sure you could draw 
many pictures . The above type of descriptive definition is often 
found In standard dictionaries, and the fact tha^a single term 

may have many interpretations is well illustrated In such 

• / 

dictionaries ; 

The first thing we must acknowledge for any logical discourtia 
is that there must be some terms that are not defined . We want 
such terms to have some Interpretations, and Indeed, perhaps more 
than one. We do not want them to be without any Interpretation or 
td be meaningless . However, logical deduction must be independint 
of the particular Interpretation which might be atttached to the 
undefined terms. 

In geometry we may" consider such entities as point , line , 

A. 

plane , space as \mdeflned. Some of the relationships such^as. on, 
contains , equal , congruent , greater ^axi , between, separate^ , length , 
etc., and such' operations as addition and multiplication (and many 
others) may be left undefined^ There are certain logical terras as 
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set, and , or , there exist , all , at least , true, etc., some of which 
may be left imdefined. The set of terms left undefined is somewhat 
arbitrary and is determined by the ol^Jective of the discourse. 
Different sets^bf tem(s may even be Used for the same objective. 
Other terms mentioned are then defined by means of the undef;Lned ^--^ 
terms. ' - ^ 



' 6. Postulates . After the set of terms that remain undefined 

. ^ . , / ' _ 

is selected, we make statements (sentences) a/bout these terra^. We 
accept these statements to be true without proof ^ the sense that 
these statements form part of our hypotheses^' from which all other ! 
conclusions are logically proved. They impose some conditic^ upon 
the undefined terms, so these terras cannot be considered to be 
absolutely arbitrary. By means of these hypotheses we delimit that 
part of the universe we , are, talking about; we are ts^lking about any 
systeni\§5 things possessing the properties expressed in these j 
assumptions. The more such assumptions we make, the more limitation 
we impose, and. the mor^ difficult it becomes - to realize a model from 
_pTLii^ limited experiences. 

Such ass\imptlons are varlovisly called postulate^, axioms, - ^, 
principles, or agreements. We shall maketno distinction b^tw^Wj 
such^najnes and.us^i^lly_use the WQr4. postulate , becavise axiom has 
too often been associated wlth>.the idea of '•self-evident truth". 
In our geometry there are no self-evident truths;) the postulates - 
are assumed to be true. Postulates, of -course, are not made up at 
rsindom; they are sviggested by fundamental properties of physical 



dpace. Just as the undefined terras, point, line and plane are 
suggested by physical objects • Naturally, the particular postxilates 
we use* In elementary geometry are bashed on our experience with 
physical models, and are visually accepted without question on the | 
basis of such experience. That is Intehded, for we want elementary 
geometty .to be an idealization of certain aspects of experience.. 
The physical models suggest, by idealjLzation, certain properties 
that would prfesumab-ly be possessed by certain highly ideali2e.d 
substitutes for the physi^cal objects. Among the many properties 
tkaj; we suspect these idealized substitutes of having,* some' can 
readily be deduced logically* from the . o-jjjj^rs and would be omitted , 
from the postulate system; the remainder pf thesfe propearbies could 



" then be tSRen as a set of postulates. The postulates used In 

elementM^y geometry are based on empirical coris^'derations; they * 
. ,are to be r<egarded, however, as Independent of such emplr^al con- 
siderarloris . Indeed €hey might have more than one empiifical Inter- 
pretat!fron, or, as we say, we may present, more than one model which' ^ 
cai^ be \ised to give an empiriciil interpretation jbo the satoe postulate 
..^^s^tem.^ In this w^y we hope, b^ P?;pof , to majte discoveries Without 
ejqplicit experience,, or to use Jfacljs gained bjr proof as a check on. 
our 'experience and vice-versa. ^ .V ^ ^ 

As an. illustration,, let ^ take the terms point , line , and * 
contains as'^undeftoed, and assume^ that the other (logical) tei^ns 
'^ have meaning^ , • ^ ' ( . ' • * • 
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< 1* 

Postulate 1* Given two distinct points, there exists one and 
only one line which contains them. 

We might think of a model in which the term "line" has the 
Interpretation of a stretched string and 'contains' suggests the " 
equivalent ' idea of 'passing through' • If this ;ls the only postulate 
made, -there are other models which also apply. We use an illus- 
tration from elementary ^ analytic geometry. Suppose the 'two points' 
are Interpreted as the ordered number paii^s (0,0), and (1,1\, 
the "line" as the equation y = x, and 'contains' as 'the number ^ 
pairs satisfy the equation' . You can recognize, with this inter- 
* pretation, the sentence, called Postulate 1, is true. However, i-f 
the word "line" is interpreted as the equation y'=: ax , you may 
also verify (and, hence, accept as true) the sentence: 

"Given the distinct points ; (0,0) and (1,1) there e^cists 
one and only one parabola of the form y = ay which contains 
them." , " * 

Hera the model u^ed for the word "line^' is the 'parabola of 
the form- y° = ax^' If no further postulates about .' point' , 'line' 

and' ' contains' are made, other interpretations gre also -available: 

- . , .... ^ ^ . ...^ ' \i ^ " " '" ' - ~ 

"Given two different boys , there exists one ind only one 

i * ' * ^ . • ' 

committee of two upon whicTi they serve." ' ' , 

" » « • ' . 

' .-Qf coxirse, in elementary geometry, other postulates are. made, 
so that all of these interpretations are not then simultaneously 
valid. ^ * ' . , ' ^ /'\ 
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1 

7. Explicit De^in j.tions > Hereafter, the word definition will 

Ltion to distinguish it from descriptive 

deflriitldn as 'iised^ ii/ Section 5* 

(1) An exp^Iicit /definition of a terra is a characterizsttion of 
the term by means of its attributes, properties, or relations that 
distinguish it from all'oth^r words that have different meanings. 

(2) The definition must be reversible, in the sense that the 
* * / ► 

distinguishing p!roperties must be both necessary and sufficient to 

/ 

yield the term Refined. 

(3) , To be used in a logical discourse, it must use only those 
terms which have previously been explicitly defined or ^accepted as 
undef'fined , but /limited by explicitly stated postulates. 

/ Let us 'illustrate these ideas by several examples^ Prom this 
point of view the definition of line segment found in Euclid's 
jpiements and in practically all of his American imit^ttors Is un- 
/satisfactory. • 

DefinitjLon > A line segment AB" is the set of all points 
"betweeia" two distinct points A and B. ^ ' 

First, a line segment is a s.et of po'ihts, arffl this^ set jts ' 
•distinguished from all^o^er^sets of points, in thaf it contains, 
all points "between" two <£L3tinct points; secoi>d^ the fact that we 
call the seiytence a Definition implies that all points "be^tween" 
the giverl points belong to the set. Wiird, this is an acceptable, 
definition for a logically 8elf«conta*ined system if and only ifi-^ . 



51 

the term "-between" has been defined before line segment is defined, 
or "between" is" taken as undefined subject to a set of postulates, 
hefoi^ line segment is define^. It is not an acceptable definition 
If "between" is used in an intuitive sense or merely illustrated 
by a figure. Otherwise you might be tempted to say: "A point is 
between two distinct points A and B,*. if it is contained in the, 
line segment AB" . Unfortunately such circularities in definitions 
are much too common in American texts . 

' The term defined is fundamentally an abbreviation for a much 
longer group of phrases, but it co\^d alwayB be replaced by a 
^statement of its distinguishing properties. However, definitions 
ape very convenient and important in helping us think accurately 
amid concisely, and help us avoid using words carelessly amid with 
' muddled meanings . ^ 

/ Exercises . . , , ' 

1.- Taking the undefined terms given at the end of Section 5, 
• examine each of the following statements to see if it is am accept- 
able definition. If mot, see if you can modify it to make ft one. 

(a) A straight line is One. which lies evenly between all its 
points. 

(b) » A line segment is the set of points contained in a given 
line and lying between two given points of the line. 

^ ^ (t) The angle between two lines is the amount of ^turning 

required' to make one line coincide with the other. 

> * ' ♦ ****** 

. 60 
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(d) . Parallel lines are two lines contained in one plane and 
whlcR do not- contain a common point. " ^ • 

(e) A (iircle is a closed. plane ciirve, all points of which 
are the same distance from a fixed point in that plane. ^ > 

(f) The distance from a point to a line is the shortest path 
from the point to/ the line. - C 

2. The treatment of sets in Sections 1 and 2 is intuitive, 
not logical. Give a logical treatment, selecting and giving'' 
suitable definitions for subset, intersection, and union. 



8, Theorem^. In accordance with the agreement of Section 4, 
the sta1;ements or,sentenpes we are to consider in geometry are . 
either true or false, but not both. When we call a statement a 
Definition , it is to be understood that the statement is true, 
without explicitly saying so/ When we call a statement a Postulate 
(or any equivalent terms), -w^ understand it is true by assumption. 
There are other statements, of which, without further information, 
we cannot Jfeell whether they are tx*ue or false. Examples of such *- 
sentences i -some simple and soi&e compound, fo3iiow: ^^ - - . 



(1) Two line s egmenft^Wre congruent. 

, , . b ' 

(2) The triangle is isqsceleft. 

'C3'V- The lines, are peri)fl^dicular. - - 

(4) 'The point, P is n\t on the line u. 

(5) / a and b stsirid for real numbers and a = b. ^ 

(S) If a, b, c stand for real numbers, and if a = b ancL 



(7) If two sides and the lncluded""aiigle .of one triangle are 
respectively congruent to two sides and the Included angle of 
second triangle, the remaining sides are congruent. 

In examples (l) - (5), we do not know whether they are true - 
or false, and cannot determine w6ich unless more information is 
available about the objects mentioned. Examples (6) and (7) a-re 

written in the form of compound hypothetical statements called * 

"J 

conditionals. If we accept them as postulates they are true by 

assumption. On the other hand it might be possible to proves them 

h 

on the l^is of other postulates'! 

A Theorem is a statement wh£ch can be proved to be true in 
accordance with the stipulated laws of logical deduction discixssed 
in Section 9 on the basis of the accepted postulate system. ^ 

T^ieprems of geometry are written in two different forms: they 
mdy be writteth as a direct simple sentence or as hypothetical 
cotopound sentences (conditionals). We are Justified in calling 
them Theorems (Euclid used the equivalent term, Propos;Ltions) only 
after they have been proved to be true. The statement correspond- 
1^ tjo any Theorem may be written as'^a hypothetical ^cpmgpund 
sentence (called a* conditiyOnal) in the form 

' . ' t <: • If P, th^en ^q, 

where p^aiid q are symbols standing for simpler sentences. We 
also say p -implies q, and use the symbolic fom p =>q. -We 
are Justified in calling it a Theorem^^en (if p, then q) is 
true, where the truth is established by logical means discussed 
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below. Before considering the methods of proof, let iis lllixstrate 
thfe ideas atove by examples^ which ,are iis^ially gtated as Theorems 
of Euclidean plane geometry. 

1. Two distinct- lines intersect in at most one point. 

2. One and only>,one perpendicular can be drawn to a line 
from a point not on it. . " 

. The sum of the measiares of the angles of a triangle Is 
180°. • ■ ' 
4. ^The diagonals of a rectangle have the same length. 

The diagonals of a square are perpendicular. , ' , 

Before these are^ proved, we are merely Justified \n calling 
them sentences. These sentences can be translated into the '*f orm: 
"If p, then q'." The sentence p is called the hypothesis; it 
is the statement which is assumed true, as indicated by the word 
"if** • It represents the facts which we think of as given . The 
sentence q is called the concliisidn; it is the statement which 
is to be proved true, as. indicated by 'the word "then". It represents 
.the facts which are to be obtained by proof. After the compound 

statement "tf p, then' q" is sKown to be true, we call it a 
^Theorem. The complete sentence; p implies q is true, is called 
an Implication. ^ 

Each of the five sentences given above are now translated into 
alternative forms. 

,1a* If m and n are two distinct lines, then they have at 
mpst .one point in comraOti. ' - ^ 
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statement 1 or la is a Theorem of plane geometry after we 
prove it, not merely because we state it. 

As a related example, we could yrrljpe tKfe ^fillowing two equi-- 
valent forms of a sentence:. 

6» Two distinct lines lying. in the same plane have a point 
in common* , 

' . 6a. If m and n are two distinct lines in the same plane, 
then they have a point in common. 

A 

Actually the sentence 6 (or 6a) is not a Theprem of plalie 

Euclidean geometry in that it is possible to prove (or it is often 

assumed) tha;t there are distinct lines in the Euclidean plane that 

have no point in common.' That is, sentence 6 (or 6a) i^ f al^e in 

Euclidean geometry, but there are geometries in \fhich it is true. 

J" 

2a. If m .is a line and C is a 'point not on it, then there 
is one and only one line V(hich passes through 'C and which is 
perpendicular to m. * 

3a. It , ^ are the measures of the angles of a triangle, 

then • cc +/^ + = l80 \^ 

4a. If a given quadrila'teral is a rectangle, then its 
diagonals have the same lengthy 

5a ^ If a gi\^ quadrilateral is a square, then its diagonals 
are: perpendicular.,^ ^ _ J. \— ~ . 

Statements 1-5 (or la' - 5a) are "Theorems because they are 
capable Qf proof. However, the following statements 6 (or 6a) 
and 7 (or 7a) are not Theorems, because it Is possible to prove 
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they are not true. By means of a rhombus' with \inequal but^per- 
pexxdicular diagonals, it is possible to show statement 7 is false, 
' 7. Th'e quadrilateral whose diagonals are perpeifeicular *is '\ 

a square. ' ' ,i . 

7a* If the diagongds of a quadrilateral are .perpendicular, 
the quadrilateral .is a 'square. ^ 

» 

9. Methods of Proof . In or^er to simplify the discussion, 

we usually write all hypothetical sentences (or conditionals) in 

the form: "if p, then q" and discuss the" laws of logic by 

means of which the validity or truth of the conditional is 

established, and thus Justify calling the sentence a Theorem. 

The intent to prove the statement is true is indicated by writing: 

"it p is true, then q is true" or. ^ ~ ^ 

» f t' " * 

"Giver^ p is tr^ie, prove q is true." 

The basic method of proof is a direct application of the\^foll,owing 
rule (asSCip^tion) of inference: 



Rule of' Inference: If "p" is true and if the conditionati- 
"If p, then q" is true, then "q^ vis true. 

In the simplest proof, p is the hypothesis 'which 'is known 
to be true or which we assume is true, and the conditional: 
(If P^ then q) will be true if it is the statement of a 
postulate, definition; or a-previously proved Theorem. The rule 
of inference then states that the conclusion q is also true. 



The conditional "if- p^i then q" 'is commonly stated in 
mathematical terminology in the .following six ways: 
If p, then q, 

4> implies q, . ^ ^ . o 

'q if p, ^ 

p Qnly if q, ' - ' 

q is a necessary condition for p, * 

p is a sufficient condition for g. 
At this point it is also worth while clarifying the statement' 
p if and only, if q, called a biconditional , "^This statement is^ 
simply a brief way stating [(if p, -bhen^ ) and (if q, then 
p)]. In other words a theorem- expressed in the form "p is true 
if and only if q -is true" really contains two statements to be ^ 
proved, namely, "if p is true, then q^ is true" and "if q is 
true, then p is true". Some other yrays of stating "p if and 
onljT if q" ^are: * , * * 

'q if and »only if p> ' 

p is equivalent ^to q, 

a necessary and sufficient conilition for^ p is q, 
a. necessary and sufficient condition for q is p. 
Another logical terra w^ have to distsuss is that of the converse 
of a conditional statement. We define the converse of ttie sta-^ement 
"if p, then q" to be the statement "If q^, "then 'p". 

We have'' agreed- that our sentences are either true or false. 
The negation of a sentence "p is true" is the sentence "p is 
false" which we shall sometimes express also in the fojjm "not p". 
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Sp-'^^iPajf all of our discussions has centered around the inteiw- 
pretatioir of *a single conditional statement "if p, then q"* • 
The applicability of the Rule of Inference is enormously extended 
by the next rule of logi>qal reasoning. 

Rule of the Syllogism (or Rule of Transitivity of Implication) . 
If p implies q and q Implies r, . then p Implies 'r. 

In other. words, suppose the hypothesis of a theot»em is p, 
and the conclusion r. Suppose among our postulates and definitions 
we can find "p implies q" and Tq implies r". Applying the 
Rule of the Syllogism we can state "p implies r", and because 
the ""hypo thesis of our theorem is^.p, we can apply the Rule of 
Inference to conclude r, and the ^heorem is proved.^ 

tjjtxe final method of proof whicl^ we shall describe is the 
method of Indirect Proof, or proof by contradiction, as it is 
sometimes called.* First of all, we define a contradiction to be 
a sentence of^ the fom "p and not p; ^?hat is, "p is true and 
not p is time", or, "p is time and p is fals^". A fmda- ^ 
mental assximption concerning our logic is that every contradiction 
is false . * " / 

Rule of Indirect Proof . A conclusion q is true if ( not q) 
implies a contradiction . 
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In the simplest case, to eltablish the statement "If p, then 

' q", we assume the negation of q. If we can derive, using the 

rules of logic, the statement "not p", then ^ q is' true. More • 

generally, if from the hypothesis "p" and. the -assumption "not q" 

we can then derive, using the rules of logic, a\tateiivent of the 

1^ ^^^^^ 

form "r and not r", that is derive both "r" and "not r", we 
can conclude that our original hypothesis that q is false is in- 
valid, and, hence, that q is true. There is no general Vule 
which tells, us how to find the contradictory statement "r and 
not 3\", so that the method of indirect proof sometimes is a more 
difficxat method to apply than the other rules of^inference. ^'We 
s^ll ffnd many cases, however, where it seems to get at the hear)(< 
of the matter in short prder. . 

Prom the simplest case of the Rule of Indirect Proof, it is 
possible to derive the following: ' * 

The conditional "if p, then q" is logically eqxiivalent to 
the statemen^ "if not q, then not p", called the contra -positive 
of' the original conditional. 

The converse '^if q, then p", is logically equivalent to 
the statement "if not p, then not q";^ called the opposite of 
the original conditional. ' 

This logi^l equivalence indicates that to establish the bi- " 
conditional it is sufficient to discuss the conditional^ and its 
converse. At times it may be more convenient to use the opposite 
Instead of the converse. ^ 
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So far all of our attention has been co;icentrated on methods 
of proof. It is yror'thwhile making a remark coneniing methods of 
disproof. Par too little empliasis is given in the usual high , » 
school course to the possitdlit^of having the students discover 
theorems for themselves. ''^After all,' this is the way mathematics 
is done; a theorem first has ^o be guessed, before it can be proved, 
[In this connection the reader is^ urged to' read in G. 4>olya'^s books 
"How to Solve It" and ^"Mathematics arid Plausible Reasoning", both* 
publlBhe^i ,157 the Princeton University Press . ] Assuming that we 
are txrylng tp guess some theorems, we shall arrive at a list of 
sentences to test. Some lie may be abl6 to prove; others will ^ 
resist our attempts at a proof, and we may be led to entertain the 
possiiDility that a statement is false. How do we show 'that the 
statement is^ false? Consider the following statement. ^ 

For every triangle with sides of length a, b, c jLt is true - 
that a^ = b^ + c^. 

We are not impressed with the statement; obviously, it is 
false: Wh^?. Well, we know a triangle can have slides of lengths 
3, 4; and 5-, and it is false 'that + 3^. Such an 

exatmple shows that the atatement Is false. A general statement, 
if true, will remain ti^ue in every special case to which it can be 
applied. Therefore a general statement is false if there exists 
one special case in which the statement, is false. This special 
case is called a coxmter - example to the statement. For a creative ^ 
student of mathematics, it is Just as important to be able to find 
counter-examples to explode wrong guesses as it is to find proofs 
of statements, that will turn out to /be theorems. 
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Exercise^ 

1 . ' Find a counter-example to disprove th^statement '^If n 
is a positive integer then n^ + n + 11 yis a prime nurajDer.-" 

2. Using the 'simplest case of the Rule of Indirect Proof, 
prove that (l) "if p, then q" implies "if not q, the§ not* p", 
and (2-) "if not q, then not p" implies "if p, then q". 

3. Prove the logical- eqiilvalence of the converse, and the. 
oppositf^ of a given conditional. ' ■ ' 
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Chapter 3 , * . % 

Points , Lines , and Planes; ^ ^ ^ 

1: Introduction . This chapter contains a list of undefined 
terms, and the first definitions and postulates upon .which o\ir 
entire development of geometry Is based. The language of sets 
Introduced In Chapter 2 will be freely used from the beginning. 

It shojild be emphasized that there are other sets of postulates 

equally satisfactory f3?bm a logical point of view to those we have 

adopted. Those In 'the present chapter, hoWever, conta^in no 

surprises, and we shall ^ not attempt to motivate them. The postulates 

given in Chapters 4 and 5, However, are not commonly used in high 

school geometty courses, and" we have included rather full discxjssiqns 

of them in the Introductions to Chapters 4 -and 5^ . ^ 

• • «. , 'I 

2. Definitions and Post ulates . We begin with a list of \m-l 

^ ^ 0- 

' defined terms .' / , . . 

Undefined Terms . 

Point. , 'A 
• » 

'Linef a set of points othejrwise undefined. 
Plane: a set of' 'points othejrwise undefined. 

Definition . The set of all points is called space . ^ 
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Next, we consider varioxis statements concerning points, lines, 
and plaices • Because lines^ and planes are se^s of points, we should 
use the terminology "P is an element of X" or "P^ X" for the 
statement that a point P b,elongs to the line Instead we 

shall often say P lies on X, or passes through P, etc. 

Def init.ion . Points lying on c5ne line are said to be collinear . 
Points lying in one plane are said to be coglanar. 

The first postulate giiarantees that our geometry contains 
eno\igh points to be interesting. 

'Postulate 1.. 

(a) Every line coij^ains at least two distinct points. 

(b) Every plane contains at least three distinct non-collinear 
points.' 

(c) . Space contains at least fdur distinct non-coplanar points. 

Postulate 2. Given ^o distinct points, there exists one and 
-only one line containing them. ' , 

Notation. We shall denote the line 'containing the distinct * 



points A and B by AB. 

' Postulate 3^. Given three distinct nonrcollinear points, there 
is one and only one plane containing them. ^ 



Pbstulate 4. If two distinct points lie 'in a plane, the line 

— ^ — ^"T > 

containliig "these points lies in the plane. • 
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What do^s Postulate 4 assert? Given two points A and B 
which lie on a plane p. Postulate 2 asserts that A' and B lie 
on a unicfue line AB, Postulate 4 then states that the line 
is a subset of p, in other words, every point on is also 

on p. ^ 

Postulate ^. If two distinct planes intersect, their inter- 
section is a line. 



3. gome Basic Theorems » A remark about the numbering of 
statements is appropriate. Theorem 3.1 mesms the fii»st theorem 
of Chapter 3; Theorem 4.2 mesms the second theorem of Chapter 4, 
elfc. Results of lesser importance are numbered according to the • * 
section of their isKapter, e.g. ^(4. 2) of Chapter 4 means the second 
result in Section 4 of Chapter 4. 

Theorem 3.1 . Two distinct^ lines have at most one point in 
common. 

/ 

»• » 
Pjpoof : First of all we must interpret the statement of the 

theorem. We are given two distinct lines X and • Their 

intersection consists either of no points, one point, or more than 

one point. Our task* is to show that the third possibility*^ cannot 

occur. Here in our first theorem we know of no way to pxH;^ceed 

except by the •method of indirect proof 1 How does the method look 

In this case? We have a statement p: "two distinct lines have 

. ^ most one point in common." To make an indirect proof we must 
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*show that (not p) implies a contradiction* What is (not p)? . 
It Is the Statement that for some pai^r of distinct lines / and 
X' , the, intersection of X X* contains more than one point* 

Therefore the intersection of / and miist contain two dis- 

tinct points A and B* To say that A ^d 'B belong to the 
intersection of X and means that A and B ' lie on the 

line X said that A and B lie on the line . Applying 
Pos^ulajje 12, which states that through two distinct po in tl* passes 
one and only one line, we conclude that the line? / and %^ 
coincide. .We have reached 'a contradiction, naunely, the statement 
. * ^ q and (not q), 

where q is the assertion and are distinct lines". 

Summing up the whole argument, we have shown that (rjot p)- ijnplies 
the contradiction q and (not q), and by the^^Rule of Indirect 

Proof we condlude that Theorem 3 ♦I is true* 

A 

Theorem 3*2 . If a line "intellects a plane not containing it, 
the intersection is a single point. 

Proof: This time the Theorem takes the form of a conditional 
statement. What is the hypothesis? ^We are given a line %y 
a plane p not containing such that, p and / do have a 

point or points in common. We ate trying to show that they have 
exactly one poi^t in common. Again we vise an indirect proofs This 
time, the statement of the theorem is false if there exists a line 
' X which irit^ersects tfie plane ^ jp in more than one point, but^such^ 
that % is not contained in p. ^ Let A and B be distinct 
points which lie on both % and p* By Postulate 2, there **exists 
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one and only one line containing A and B, and because % ; 
contains and B this line* is /, or more briefly, / = ^» 
By Postiaate 4, the line' AB lies in the plane We have 

derived the contradiction 

q and (not q), 
where this time q is the statement "X is contained in p". 
Again by the Rule of Indirect ^voof, we can assert the truth of 
our theorem. ^ i 

Theorem 3*3. Given a line and a point not on the line, there 
is one and only one plane containing the line and the point. 

^ Proof,: Again we have a conditional statement to prove, and 
this time we shall spare the reader another indirect proof. Jfe 
are given a point P and^a line X such that P, does not lie on 

By Postulate 1, there exists two' distinct points A and Be 
on X* Then we can Msert that A, B, and ^P- are non-eollinear. 
[The reader is asked'^o. suppG-y the proof of this statement.] 
Applying 'Postulate 3, there exists one and only, one plane p < 
containing A, B*, and P. Because of Postulate 2, ^ = AB and 
from Postulate 4, 'we conclude that X ^s coritained in "p. Ife 
have proved that the plane p contains P and the line , X* 
Because any othpr plane containing |/ ,and P must contain A, B-, 
and^ P, the fact that p is the uniquje plane containing A, B, 
and P implies that P' is also the unique plane containing P 
and Xf and^ Theorem 3.3 is proved. 
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Theorem ' 3.4 , Given two distinct lines with a' point in common, 
there is one and only one plane containing them. 

Proof: This time we have to prove a, conditional statement 
•with hypothesis that 'we aa^e givea two distinct lines X ^cl 
which inters^ect in a point P. By Postulate 1, the line 
contains a point P» different from P, By Theorem 3,1, P» does 
not lie on X- By TKeorem 3.3, P» and X are contained in one 
and (MftLj one plane pr Becavise X' is the^ unique line containing 
P and P» , Postulate 4 guarantees that the plane p " contains 
^Jso the line X' • Finally, any other plane containing X and X'" 
contains P« and X> and becausje# p is the unique plane contain- 
ing P' and X> we conclude that p is also the unique plane 
containiflg X and X'* This completes the proof of Theoren^.4. 
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Chapter 4 ^ 



Real Numbers and the Ruler Axiom 



1, Introductory Dlsc\i8slon > Most of the geometrical questions 
that occur to xis in every day life involve the notion of length. It,.^^ 
is interesting to learn that?. the Greek geometers made very little 
use of th^concept of length, and foi'^a very ^dod reason* At the^ 
time Greek jgeometry was invented, the numbers which we take for 
gram ted nowadays were understood only in a most n;idjCmentary and 
imperfect way. In particular, the distinction between rational and 
ii^tional numbers was a source of great mystery. to the early 
geometers, who realized that the hypotenxise of a right triangle . ^ 
both of Whose legs are one vnlt long must have a length, but'that 

this length could not be compared in a simple way with the xmit 
length of each side. In, more detail, they we^^able to measure 
"lengths which were.^rticie number multiples of unit length, and which 
could.be constructed from the uni^ length *fith*a compass' ^ * 

—t — ' — t — •••etc . 



They def ined two line s 



egments 



A ' V 

and ^ ^ ' ^ ' 



to be commensoArable if it was powible to form a segment mA^ whose 
. length ,was sqme whole number m times the length of A> ' and to 
form another segment nB whose length was some other whole number 
' .i^ timeis^thf length of B, in such a way that the segments mA 
aijd'? nB . were con^Tuent. 'More briefly we would say today that the 

r length of k is a rational mtultiple of the lengtH of B, the 

•» * 1, ^ » • 

" constant of proportionality being the rati<^l number . ^* Then * 
"the Qreek-'g^ometers made the discovery that~tKe hypotenxise of the 

rigjit triaaigle in Figure (l) was. incommensurable ^th^ either of the 

^ * > * ' w 

sides. Once again, we, can s^tate this result briefly today by say- 

— ^ . . - ^ 

Ing that v2 is not a rational nxaniber. 

We should also recall .that the possibility of translating a 

problem involving lengths to algebraic equations meant little to 

the Oreeic geometers. In their time the simplest algebraic equations 

were regarded as difficult. For example, the reader may consult the 

World of .Mathematics (vol. I, p. 197) to see the famoiip' cattle 

p)X>blefn of Archimedes. It boils dt>wn to a system of linear 

. equations, irith large coeffi,cienis and large answers to be sure, 

but^still ar problem that a bright high school student could do with 

ease if he had the patience to write doW^such t^emendotis numbers. ^ 

The point is that for the Greeks these problems were really haJTd 
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since they had no workable notation for the nvimbers, nor did they 
have the methods of algebra available to solve systema of llpear 
equations. 

With this background, it should not take much persuasion to 

convince ourselves that our approacjh to those parts of geometry 

involving the notions of length can and should Improve upon the 

way these things were done two thousand years ago. Specifically, 

we^are going to ass\ame familiarity with the rational nvunbers and 

real numbers, and with the elementary tools of algebra. All this 

is applied to geometry by means of the Ruler Postulate, to*.be 

given at the end of this chapter. The idea expressed precisely 

in the postulate is that we are given once and for all a ruler, 

with a fixed unit of .length, and with the property that at each, 

point on its edge we, have a niark corresponding to exactly one real 

nxmbel^f. and that every real number has its mark on the ruler 

(obvioiosly this is not a ruler to be purchased in aiiy hardware 

store). Then oiju? postulate asserts that forgery line L in 

our geometry, arid ev^ry pair of points P and jft on L, there 

is defined a real number which we shall call the distance between 

*P and Q, and which is measured in the .following way: Our 

ruler is placed in such a way that its marked edge coincides with/ 

the line L; then opposite the points P ' and Q will lie marks 
» 

which correspond to real numbers p and q. Then the dist^ance ' * 
between P and Q is given by the Ruler Postulate to be either 
p - q or q - p, whichever one of these numbers is positive, 

79 
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For example, we might lay down the ruler in such a way that at P 
we read 3 'and at Q we read 5g-» -Then the distance ^between ,P 
and Q is 

5| - 3 

On the other hand we migh'^ lay down the ruler again in such a way 
that at^P we read 1 and at Q we read ^l^. The distance 
this time is 1 - (-l-j) = Sg'. . ^ 

Besides having the advantage of its identification with the 
familiar operatijjn of measvirement, the Ruler Postulate has the 
advantage of making it possible at ah early stage to translate all 
problems about distance into problems about real nximbers, which we 
shall often be able to solve by the methods of algebra. 

The purpose of this chajs^r is to give first of all a review 
of those aspects of the real numbers which will be in^iortant for 
us, such as the properties of Itiequalities and absolute value, and 
finally to give a precise st^atement of the Ruler Post\ilate. 

A Word on the Organization of s4>2 - 4.5 
^/"^ A fairly complete presentation^ of the real niamber system is 
included, more, in fact, than can or should be covered as back- y * 
growd for/the geometry cc|irse. Nevertheless the Ruler Posttilate 
has hidden in it, so to« speak, all the properties of the real 
nxamber system," and although^ these properties are not exploited 
fully until th^hapter on analytic geometry, it seems to be a 
good idea to sketch out the properties of the number system rather 
fully. 
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2. The Real Number System ^ In this section and the two 

succeeding ones, there will be exercises for the reader at the end 

of the sections. . Throughout this book there will also be a n\amber 

of results whlcl^ will be listed with a *, for example, (2.1)*, 

^eorem 4.5*, etc. ' Proofs of these results are omitted, and the 

i^e^der is invited to prove them himself. Very little benefit/ is to 

be gained from a study of the number system unless strenuou^ efforts 

are made by the reader to discover for himself proofs of the starred 

ret^'ts,^ as well as solutions for the exercises. 

Before starting,* we make a remark on the terminology: "real 

• ^ ^ V 
.ntmiber" is a technical term, and. the real numbers are described 



exactly by the properties we assume as axioifis concerning them. The 
fact that there are also complex or imaginary numbers should not 
lead the reader to believe that one sort of number is any more or 
^less mysterious or more or less down-to-earth than the other. It 
happens that for elementary geometry, it is unnecessary to consider 
the system of complex numbera. 

Everyone is familiar with at least one intuitive description 
of the, real numbers.^ For example, the real numbers may be described 
as the collection of rational numbera ^, where a and b are 
integers, together with all "ninnbgrs^^-^whicli^cfi^^ approximated 
arbitrarily closely by ratipyial numbers. Or they may be described 
as all numbers represented by writing finitely mamy digits (pre- 
ceded by a H- or - ), then a decimal point, and then an un- 



s 



ending sequence of (^igits. Still another approabch is to view them' 



as labels, for the points on a line/ This is not* the plac^to explore 

the cdnneotiDns among these ideas; we seek a preoise and tisable 

description of the real numbers to apply in setting-up our geometry. 

To accomplish this, we proceed exactly as ip geometry by giving a 

* «» 
set of axioms for the real numbers. The axioms may be put into three 

grp\zpsf firs»t the algebraic axioms for the real nxambers, .which caii be 

sujmDarized today in the assertion that the real nuiibers form a field; 

then the order* axioms which enable, us to disctiss the size of a real 



number; and finally the coigpaeteness axiom which guarantees that 

enough real numbers exist for us to dg btisiness; -for example, that 

2 

there exists a real number a such that a =2. We shall organize 

/the material as follows: First we shall ^give the algebra axioms, and^ 

discuss their consequences; then we give the order axioms and disctiss 

their consequences, and, finally we giye the completeness axiom. 

First of all we make a remark about sets and the notion of 

equality. The real number system is going t^ be defined as a set of 

objects, and these abjects will be denoted by symbols {a, b, c, . . /, 

V - ' \ 

0,* 1, ...). The symbol representing ap object can be thought of as 

'the name of the object.^ We shall assume that with thid^set we are 

given a means of distinguishing whether two objects are different or 

not. In other words, given an object with name a and an object 

with name a' we a6d\ame that exactly one of two possibilities holds: 

(iL^The "two** object^ are really the same; in this case we 

write 'a » a' (^ad *a/ equals a«", or "a is equal to a^"). 

Example: One -object iaf "Abraham Lincoln", and one is "The l4th 

President of the Uniteci States". - / 



75 ■ • 

(ii) The objects are not the same; in -this case we write 

a / a» (read "a is not equal . to a'").- 

In other words, when we have assigned the same object different 

names a and a» , we indicate this fact by writing a - a» . 

[In the SMSG geometry text the word "equal" will be used only 

in this sense. The statement ABC = A XYZ, '*for example, will 

mean that we are simply dealing with two different notations for, ^ 

k 

the same triangle. The careless use of "equal" in mosi geometry 
bocJks, to mean "having the same length" in some cases, "having the 
same area" in others, etc. is avoided. If we want to say that 
A ABC- and A XYZ have the same area we say this; or we qan say 
that their areas are equal; or we can define a new term and call 
them* "equivalent" or "equi-areal" . ] * \ 

We assume that the "equals" ^relation has the following proper- 
ties. N ' 

(i) a = a (in other words, we cannot use the same symbol to 
stand. for different objects). 
t (ii^ ^ if ,a = b then b = a. ■ . 

^-.X^-ii') a = b and b = c, then a Ci (this is a precise ' 

sta'roment. of the notion that things equal to the same thing jare 
equal to each other) . " . , \ 

Finally we introduce a rule which will govern the use of the 
equal sign in our late:? discussion. 
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(SP) Subfi^tltutlon Principle , The r§al number system will be a 
set of objects, and it will also be possible to form combinations 
of real nuiAbers by adding, subtracting,' multiplying, dividing, etcT., 
for exEunple', • We may have expressions like ^ • 

/ [a ■>• (b^^. c).ldtVrrT(^2 ^. b2 . cd)3. ^ 

Such an expression Involving symbols for the real n\iinbers as well 
as the signs +, -, ' , J~ y etc. will be called a formula pro-; , 
vided .that It has been put together in such a way that it represents 
a>jc»eal nmber/ The substitution principle asserts that if a 
occiars in any formula whatsoever, and if b = a, then b- maybe 
substituted fdr a jg^rever a occ\ars in the formula, and^ the 
resulting formulas are equal in- the sense that they represent the 
same real nvunber. , ' ' ' 

As* an example of how this is u<^, suppose we hav^e to solve 

the equation ^ ... , . * - 

X - 1 = 0.*^ • y / ■ \ 

Then usually we say "add one to both sides". This operation is 

• . / 

jiostified by the substitution principle, for in the formula 

(x - 1). + 1 • . / - ' 

we may substitute for x - 1 the symbca 0, ar^d obtain 
; I' (x - 1) + 1 = 0 + 1 I \\ 
from^ this as usi^al we obtain ' - ^ , | : « 



and 



-' Exercise: Show how Euclid's first^sej^en axioms follow^ from 
the substitution principle. 



% 

\ 
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Definition ♦ The real numbeg system Is a set of objects called 
real niainbers,. and denoted by symbols a, b, c, 0, 1, 2, 

etc.,^ tiirhich satisfies the algebra axioms, th^ order axioms, and 
the completeness axiom. ' , *^ 

Algebra Axioms . ^ Por'Smy pair a, b- of real ntunbers, there 

c ' 

±s defined a unique real- nimiber a' + b, c^led the simi of a and 
b; and a unique real 'number k*b., called the product of a and 
b, such that the following axioms are valid. 

(p.l) a + b = b*+ a, ab = ba (commutative lawip) 

(p. 2^ ^ (a-.+ b) +c =i^a+'(b+c), (ab)c' « a(bc) (associative laws) 
(p. 3) a(b + c) = ab + ac (distributive law) 

(p. 4) There is a real number 0, . such -that a + 0 =s 0 + a 
» for all real numbers a. 

(p. 5) There i^ a real number Jl ^ 0, sucl/ttiat l*a = a*l a 
for all real numbers a. 

(p. 6) For each h^slI number a», there* exists a real niamber 
-a (read "minus ^a"), such that ^ , 

- (-a) + a = a + (-a) » 0. 
(p. 7) For each real number a'/ 0, there exists a real number 
i (rea'd the, reciprocal or inveirse of a, or one over a), suqh 



a 

that 



•4aie algebra axioms are precisely the axioms for a field* 
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We begin to derive consequences of the axioms. / 

(2.1) (Cancellation law for addition.) If a+b=:a + c 
then D =: c . ' ' ^ - . ^ ' ^ — — ,,,,,, X 

Proof: By the ^bstitution^principle (hereinafter abbrej^iated 
SP) we obt^in^ . ^ 

(-a) + (a + b) = (-a) +'(a^+ c) . 
Appl^(P»2) to both sides to get ^ ^ 

^(-a) + a^ + b = (^(-a)^ + -a^ + c. 
Applying fP.6) to both sides we obtain 

0 + b= 0 + c, 

and <by (]?.4) we have 

as required. ' 

(2.2) If a + b .= 6 then b = -a. ^ . ^ 

" * Proofs ' By (P.6) we have a + (-a) = 0. By (SP) we have 

/ ' * ' a + b = a + (-a) 

• /and by (2.1) we have 

h « . ^ • 

D = -a . 

'(2.3y -(-a) =.a."' 

, . • • • •» 

^' (2.^) The equatibn a .+ x = b has ttie unique solut;Lon 



(-a) + b. 
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Proof: Pli^t we verify that (-a) + b is a solution, that 
is, if we calcu&te , s 

a + [(-a) + b] = [a + (-a)] + b ' by (P-2), 
[a + (-a)] + b-== 0 + b' by (P.6), 

a + b = b ^ by. {FA), ^ 

we have checked that 

a + [(-a) + b] = b. 
To prove that the solution is unique, we suppose x and are 
solutions of the eq\^aiion. Then .we have. , 

^ a + X = b » * 

and * 

^ * ' a + X,' «'b. ^ , 

By '(SP) we obtain ^ , 

a + X ="a + x' , 
and by the Cancellation Law, 

X = X' . \ ' . 

/ ; 1 

^ Definition . The unique solution of the equp.tion x +^a = b 
"is denoted by b - a, and is called the ^ operation of subtraction 
of^ a from b, or b minus . * , 

Thus, (b - a) + a = b. ^ i 

' " ^ . ^ i 

(2\5)* a - (b + c) = (a -^b) - c. ' ^ 

, ■ . . - " i 

(2.6) * I(a + b) = (-a) + (-b); • I 

(2.7) ' a',0 = 0' for all real niimbers - a. 
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Proof: We have 1+0=1 by (P. 4). By (P.3) and (SP) 
we have 

a(l +^0) = a*l + a*0 » a*l = a-1 + 0. 
By the Cancellation Law (2.1) we have * - 

a-0 = 0. * 

{2.8) (ra)b = -(ab), and in particular^ (-l)b = -b.^ 

Proof: By (P.6) we have a + (-a) = 0. By (sp), (P.3), and 
(2.7) w^' have _ C 

^ ^a + (-a)^b = ab + (-a)b = 0-b = 0. 

By (2.-2) we have ('-a)b -(ab) . as required. 

(2.9) ^^(-'b) = ab. 

Proof: By two applications of (2.8) w^- have 
' ' (-a)(.b) = .■(a(Ib)) = -(.(ab)); 
and by (2.3) - (-(ab)) = ab, as we wished to prove. 

' :\ (2.10)* (-i)(-i) = 1. ■ 

Now we come to consequences ot the "division axiom" (P»7). 

""The starred theorgps at the beginning are the exact parallels of 

(^l) (2.4) and it will be instructive for the reader to supply 

proofs. . - ♦ ;^ , - 

I ' ^' • . ' e 

. , (2.il) " (Cancellation Law for Multiplication.) If ab = ac 

and a / 0, ^* then \) = c. . ] \ ' 
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(2.12) * If *ab - 1 then b = " 

(2.13) * 4^ = ^ 

a 

^ (2.14)* The equation ax = b, , a /\0, has the unique 
solution. (•^)b.. 

Definition The unique solution of ^ = b, a / 0, is 

called the result of dividing b b^ ^, and is denoted by 

We cald ~ a fraction with nume rator b and denominator a. 
, a 



/Ox = 0 ror « 



We can now settle the ^time honored question of divisipn by 
^ ' jaeans the solution of the eq\iation 0*x = a. By (2;7), 

'CLl X, and the equation has no solution if a* 7^ 0. 
If a 0,* we.'have to consider the equation* Ox = 0, whicb is 
satisfied by every real number x. Tl^refore the equatfcn Ox = 
either has no solution (if a ^ O) or infinitely many solutions 
(if a = 0) . In neither case can we attach an unambiguous 
si^ifioance to which is consistent with the preceding 
definition of ^. Prom now on^ when we write ^, it is tacitly 
asilim^d that b / 0. * . 



, (2J15) If ab = 0 then either 



(2.16/ (f)(f)=||- 



a = 0 or 



b = Ofl 



(2.17) -E + ^-^ira • • ^ -I 
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X* a. _ c 
a 

^* ^ ad 



(2.18) * f'=%f if and only if ad = bc*« 

(2.19) ' 



3 . •Order Axioms and Inequalities . Order Axioms . There 
exists a collection of real number^, called the positive real 
, numbers > with the following properties : 

(0.1) for each real number a, one and "only one of the 
following possibilities holds: 

^a) a is positive, - , 

(b) a = 0, ' ^ 

(c) -a As positive; - - , 

if a and A) are positive, so are + b and ab: 

Definition . We shall write a > 0 for the statement that 
a'iis positive, a > 0 for the statement that ,a is ^itheri 
"positive or zero.. For any pair of real >nun*ers a, b we write . 
a < b (and read a is -less than b) if and only if b - a' is , ' 
positl,ve. We write a<b (read a is less than or equal to b) 
/if either a <'b or a = b, and a > b for the statejnent - 



b'< a. When a > b. 



we read a is greater than b 



two real numbers 



(3.1) For any^ 
of the following s,tal[tements holds: 
, (a) a < b. 
(bV a = b. 
Uo\ "a > b. 



a and b, on.e and only one 



\ 



Proc^f : By (o.l) we have- one and only one of the following 
possibilities: 

b - a'> 0 
b - a = 0 , 
.-(b - a) = SL.- b > 0, 
\ and these conditions .are, equivalent to (a), (b), and (c), respective- 
ly. ^ 

(3.2)« If a < b then a + c < b + c for all real ntimbers ^ 



c. * ^ . 

Proof: We have^ (b + c) - (a + c) = b - a > 

(3.3) If a < b and c then ac < be. ^ 

Proof: We have > • 

be - ac = (b - a)c > 0 , ' 

by (0.2) airid the fact 'that both b - a and , c are positive by 
assumption. 

-I 

(3.4) If a < b and "^c < 0 then ac > be. 

Proof: , We prove -first that if a < b, then -a > -b. In ' 
fact, -a - (-b) = b -1 a > 0 since a < b. To prove, (3.4), we 



obtain 



from c < 0 and what has Just been -proved, -c > -0 = 0. 



By (3.3), a <'b and ~c > 



0' imply (-c)a^<l^-(--c)b. By (2.8) this 
is equivalent to^ -(ca) < -(cb). By the remark at the beginning 
of th^ proof, we Have -(-ca) > -(-cb), and by (2.3), ca > ob. 
This completes the proof of (3.4). , » 
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(3.5) If a < b and b < c then a < c. (Transitive Law.) 
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f ?roof : We have by hypothesis ^ 

. . ■ b - a > 0 . . ; ■ 

and " ^ ^ ' - « 

' /r c - b > 0, • 

By (0.2) their sum is, positive /lor in other words x 
(b - a) -r-fc - b) = c - a.> 0^.' = 

Thus, a < 

'(3.6) If a / 0 then a^ > 0. 

Proof: By (O.l) either a > 0 or -a > 0. In the .first 
case, > 0 by (0.2).' In the second, (-a)^ > 0 by (0.2)' and 
we have by C2^.'8) that (-a)^ = a^ > 0. 

(3.7) -1>0. 
,2 



.Proof: 1*^ = 1 / 0, and a^i^ly (3.$)> 



•(3.8)* f > 0 if and only if ab > 0. 

^ We give now a ,def inition which will play an important role 
In o\ar development of geometry • 

^Defini tion . The notation 
f — > 

^ ' . X < y < 2 

meeuns that both inequalities x < y and y <^z hold simultaneous- 
ly. A real number y is said to be between the real niunbers x 
and 2 if either x X y < 2 or 2 < y < x. ^ ( 



•92' 
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Now w©"" 



"-the problem of solution of inequalities. We 



shall treat this problem by a niunber of examples < 



/ 



Example 1*;"^ " PinVi all real nimibers x such that 
" * 4x - 5 > 2x + 7. War f)roceed by analogy with the so3^tion of the 

linear equation- 4x - 5 = 2x + 7, but in the case of the Inequality, 
we base pur approaxjh ori (3.2) - (3.4), paying particular attention 
. — to the fa(;;fe^hat .yhfta^we multiply an .equaltity by a negative number, 
we -reverse the sense of the inequality.* Thus, we obtain .first by 
adding 5 to^ both sides accc^rdlng to (3.2) th^t * 

^x > 2x + la. . ' ' . * 



By (3.3) again we^' obtain 



2x > 12. 

Since 1 and 2 = 1 + 1 are both positive by (3.7), •|.x> 0 A 
(3.8)i< Therefore by (3.3) we have \ , ^ 

.^(2x)\^(i2) ; ' ''-X^' 

^ ^ aaid X > 6. Worl^Jig 'backwards we can see that all niambers ? 

X > 6 do -satisfy the original inequality, so that the solutiori . 
oi our problem is that those real numbers x such ^ha^ \ 
4x' - 5 > 2x + 7 are preci's&ijc^tt^.e real numbers x such that 
. X > 6. 

^> Example 2. Solve the inequality 




2x + 1 > 5x + 3. 



/ 



■ \ 
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As in Exan?>le 1, we may add -5x to both sides and then -1 to 



both sides obtaining first 
•and then ^ A 



-3x + 1 > 3 

-V.,' 



. By (3.8y'we>i^ow that < 0, andSy-f-SriltTre-ha^e 



' 1 

T'^lmpll]^^ we have ' * 

apd the set of all such x " constitutes the solution of our problem. 
' Example 3> Solve 

• . ■ ■ ^>o- 

Solution: Our Ifirst temptation- is to multiply by x - 1, and 

we are led to the confusing result 1 > 0. What is wrong witii our 

procedure? The point is that the inequality between 
• • 

^ \ - ' ■ ' 

and (x 1)0 Hs left in doubt because we do not know in advance 

whether x - .1 > 0 or 'x - 1 < O.s Thus, we must be more careful. ^ 

First of all x = 1 cannot be a solution. ' By (3.1) we must have 

Qithpr j. I I I , 

(a) X -^1 > 0, in which' case we obtain 1 > 0, or 
(b,) X - 1 < 0^^^ 'i^h^yriiich case we have 



1 < 0. 



• 
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The second of these possibilities is ruled out by (3.7), and we are 
f Disced to conclude that x - 1 > 0 is the solution of oxxr problem. 

• * • Exercises 

1. . Solve the Ineqvialltles : 

(a) 2x + 3 > 1 

(b) 3 - 2x ^ 4 
1 



(c) 



X' + 1 



< 2 



2x + 38 



,< ^ 




(g) (2 -^)(3 + 2x) < 0 
,,(h) ■ (xT2)(3 + x)> 0 



2. Prove the following statements: 

(a) If 0 < a < b, then a^ < b^. 

(b) If a and b are both positive and a < b , then a < b. 
^What conclusion can you draw from the statement a^ < b^\ by itself. 

+ 



^' . (o) If a < b, then a < ^ < b. 



(Most of these are taken from Begle, Introductory Calculus, New- 
York, 195^.) / 



' ^ 4. . Absolute Value . Next we come to the important notion pf 
absolute value. In the introductory discussion we saw that, if on 
the^dge of a ruler we read^ a at one point and b at another 
point, tRen the distance between these pciintsVsh^uld be a - b or 
b - a, whichever is positive. It is wo|?thwhile studying this 
situation in the light of the folldwing (definition* 

- ^- 1 
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Definition . Fdr each^real number &, we define 

r a If a ^ 0 

^ ' .1 -a If ,J4.< 0. 

''The number/ |a| is called the absolute, value of . a* 




that in the example above^ the distance between the 

points on the ruler 'at whiJh we read a and b ^s in both cases 

equal to |a -.b|. We proceed %o derive some properties of 
absolute value. 

(4.1) Ror any real numbej a 0, \a\ > Oj la)' = 0 If 
and only if a « 0*^ , ^ * ' 



^^'^ , \ ' Proof: As#in. moM i>ro^fs on, absolute value, we^istinguish 
two cases,. , ^ ' . 'i ^ ^ 

/ (a) a > 0; then jaj = a > 0 

(b) a < 0; then '-a > 0 and la[ ^ 0. 
Ihe second 'assertion is clear from tfie^definW;ion.. 

. y . 

(4.2)* lab] = ia||b|, J-al = |al.«' 
The pKOof is by distinguishing cases r 

^V' . (4.3)* -|a| < a |al. j \ 

A xiseful pi^operty of absolute value id contained in the' 
following result: 



(4.4) V Letj b > 0. Then la^l < b ^ if and only 
J -b < a«< b. 



I 
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Proof: We recall that -b < a < b means that both inequalities 
-b <.a and. a < b hold. Suppose first that -b < a < b. Thdn 
|a| =s a or -a, and in the first case we have |a| < b becavise 
a < b* If |a| = -a, then we have |a| = -a- < b since -b < a. 

^Conve^ely, suppose that |a| < b. If a > 0, then -b < 0, , 
and -b < a by the transitive laW (3.5), while |a( = a < b by 
assumption. If a C Cl, then |a| = -a, and |a| < b implies' ^ 
-a < t or *a > -b. Finally, a < 0 and 0 < b imply a < b, 
**again by (3.5)* This completes^ the proof. 

(•^,5) . |a + b| < |a| +.Ib|-. 

Proof: By (4,3) we have 

. -|a| < a < |a| • " ^ ' 

-|b| < b ^ |b|. 

Then 

-( |a| + |b|) < a + b < |al + Ib| ' ^ 

and we have by {hA) |a + b| < [aj + ]b| as required. 

V r 

It will be important for us to solve equations and inequalities 
involving absolute value.. ' > ' 

Example 1, Solve ' ' , ^ . 

|x - 2| = |4 - x|. 

Vfe have |x - 2| = + (x ~ ^2) , while 1 1| - x | = + (i| ~ x) . 
Prom ix - 2| = 1^1 - x| we have four apparently different equations: 
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. -(x - 2) = 4 - X ■ • . ' " • 

' X - 2 =-(4 - x) ' - 

. -(x - 2) =-(4 - x). ' 
These reduce to the two equations 

X - 2 = -4 - X and x - 2 = -{k - x) = x 4* 

''' * 

The first has the solution- x = 3, while the second has no solution. 
Checking^ in the original equation we see^ that x = 3 is the unique 
solution of the equation. 

Example 2. So^ve ^ 

|x - 4| < 3. * ^ 

Solution: By (4.4); |x - < 3 if aild only if 

-3 < x- 4 < 3. 
Thu6,, X - 4 must simultaneously satisfy 'the inequalities 

' ^ . X - 4 > -3 , i • ^ 

and ' * . . ♦ 

;!c -. 4 < 3. ; • ' * , ♦ • 

The solution of t^he first is x > 1 and the^olution of the second 
is X < 7. The solution of tbe original inequality |x - 4j < 3 
is therefore the collection of all real numbers ^x, ^uch that 

.1 <>S< T. 

Example 3* What' conclusions can be drawn.^from the equality 
|.a - l^r = |b - cl, 'if it is known that a / c? 



. Solution-- . The » equality can mean one of fdur things, . ^ 
* (i) a -.b = b - ^ ^ , 

(ii) a - b = c - b, 
(ill) 'b - a = b - tf, . , , 

, (iv) b - a = c b. , ' ■ - , 
Notice that (i) and (dv) say the same thing, namely/ 

+ c = 2b; 

• and so do (ii) and (iiiX, namely, 

a =? c . ' ' 

* * 

S'ince we are given that a / c the conclusion is that, a + c = 2b*. 

^^''^^ ' ExercisQSv- 

• , 1. ■> Solve the equations or inequalities^ " • • _ 

(a) '|j^+2l<3 , (e)' (2x +r3.| ^ 1^ - xj.' 

(b) ■ 1^ - il < . " {f) |2 - xi > I . 
•(c) |2' - x| =.1- , . ; • (g) , |x + ll Va 

• (d) JJ^x + 1[ = 7 " " (h) "jx - ci < a V . - 

(These exercises are Ijaken froin»Begle, Introductory -^alculus. 
New Yorl<;;-195'tO • ' ' '. " . • , 

. ' ^' '. — 

5.\ Completeness. Axiom . Let us f irst^ explain some, familiar 
notions in the context cJf the real number system. By (3.7), 1 is 
■ a positive number. By (0.2), the numbers 
''. ' 2 1 + 1, 3 2 + 1, 4, 5,, ... 

4 V < 
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are all positive • These nijunbers are called the natural nxainbers, 
and as we have seen they are all positive • If " a and b are 
oat\ital numbers, so are/a + b and ab, but not necessarily 

• a ^ • ■ ' ^ 

a - b or ^. 

Next, we de^Pine the \c^lection of all integers to^ be tfie •* ^ 
natural nun\bez4 and th^r' negatives, together ^ with zero. If a- 
and 15 are integers, then so are a + b,^ ab,^ and a - b, ^ but 
no't in ^neral |-. ^ ' 

^e extend the systini of integers still fiogther to 'the system 
of /rational numbers „ where the rational numbers are those ^real 
numbers which can be expressed in the form |. where a and b 
are integers and b / 0. We can prove by (2.l6), (2-17), and 
(2*1^) that if ± and s are rational numbers so are r + s, 
r.s, ^ .(<lf s >f 0) . . ? 

Two remarks are in-order. First,, that the s^ystem of rational 
numbers satisfies all the axi-oms we have had up to now- On the 
jother-^hand, we saw in the introduction to. this chap-^jer that if we 
tried to measure the lengths of all line segments with rationkl , ^ 
numbers, we would be unable to attach a length to the hyp6ten\;se qf 
an :)tsosceles *right triangle whope other sides have unit length. 



T6 make ^is* remark precise^ we prove 1;he following. result<. - 

(5/1) There is no rational nxamber x, such that x » 2^ 



; 
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Proof: This argument is a faiAous' example of the method of 
Inclirect proof. We suppose thfe result is false, and, hence, that 
tKere does exist a rational number | where a and b are 
integers, such tTiat 



2 - t- 



\fe may assume that a and b have no* common factors besides +1, 

1 ' St 

for any common factor can be divided out without changing ^. 
^panding the first equation yields 

' . - a^/ab^, ••' 

aria goijsefluently a^ is an even number, a itself is either odd 
or,<'iven,°and -if odd-w^^ express a = 2m + 1, for some integer 
mV^Tiien a^ = to^ + + 1 = 2(2m2 + ^) + 1, ^hafr the square 
of WIdd nuiJiber is odd" Because a^ is even yfe conclude that - a 
is even and can write a-' = 2c for some integer c . Substituting 
''in the last equatior} we hav| 

. ' ■ 4c2 = 2b2,- , 

Thus, b^ is' even, and bjr. the same- argument used for , a, we toiow 
thdt b is -even. We. have sfiown that a and b have, the common 
> factor twor even though we had previously gua-ijanteed that a', and 
b had' ^o common factors other than +1. The \only cone lusion^eft; 

i'-is tliWour original asdtunption 

' 2 

.,is false, in bther words .the equation x^ = 2 has no solution In 
' the system of ; ratJ.onal numbers . 
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We give now an axiom which guarantees 4^at the real number 
system does contain enough numbers to serve as the basis for 
.measiu?ement in geometry. 

1 

Definition . A collection of re^l number's S ^s bounded above ' 
if there exists a real number M, such that s < M for every s f 
in The number .M^ is c^^lled an upper bound of S. A niimber 

L is a least upper bound of -the setts' - if (a) is an upper 
bound of S ana (b) ' if M is any upper bound of s/ ^then 

L < M. ' • • ; 

Completeness Axiom. Every non-empty set of real niombers which * ♦ 
is bo\:mded above has fa least upper bo^d. 

(5.2) ^ If L and are least upper bounds of the set of 

real nipbers S;^ then L = L.' . - ' 

♦ 

(5.3) , There exists/a real nvmiber x^, such that = 2. 

P3?oof: Let S be the set of all positive real niombers . x. 
2 

such that X < 2. The nvmiber 2, for example, is an upper bound ^ 
for th^ set S, so that by the Completeness Axiom/ has a. least 
upper bbxHid . x^ < 2. Because 1^ < 2, we have x^ > 1. By (O.l), 
we must have either ^ - 2 > fii, x^^ - 2 < 0, or x ^ - 2 = 0. * 
We shall show that neither bf the^first two cases can occur.* ^ * \ 



V 
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^^iPPose < 2, and.^let; h = 2 - x^^. Tn,en : 

I 0 < h < jL^^^^* -"X' = x^ + theo x' ^x*, and^ we sihall* prove 

that (x' )^^^ 2. . We have " 



2 . h/33 



< + Tr(jg) - (^ince < 2^ and h < 




We^'have shown that ' xi Is a number in the set ,S which is^ larger 

*than x^, • contirary to our assumption 1;hat x is an upper bound 

.of S, and the^ possibility x^., < ^ his been elindjiated. ' * 

l^lext, suppose that 'x > 2, and let k be the positive * * 
« • < ^ ♦ * 

2 

number .x - 2. , Then .for real ^number u > x , - * 
^^o " -SJ) - 2 =^^0 - G"" 

n 

At the same time, if u > then we have x^ > ^ or ' • . 

* - > 0. ^ Now choose a real number u which is greater thah 

)Doth x^ and 7^ and set 

• / o 2X-. 

' ' ^ ' It- 

^ . ^ . X ' = X^ - 



o o 



(6hen^ as" we have seen. 



■ t 



\ 0 <^o' < ^o 



and 
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" JIow, l^t X be any positive^. real nximber, such that x < 2. Then 
and, hence, , ^ » ^ 

(x^' .'x).(x^j > x);> o: . * 

* Becavise x^' and x* are> pj>sitive, x^' + x > 0 by (0.2), and it 



o 

' . fiollows that 



x'^.-- X > 0 



or x'q > X. Therefore x'^^' is an uppQi^ bound of the set S which 
is actually less* than x^, contrary to our assumption 'that x^ 
is the • least upper bound of , S. Therefore the possibility 

X > 2 has also been rujed out, and we. conclude finai;iy that " 

o • ^ , ' ' "^^^^ 

1C^^^^^~~-2^^^^1q^ the pr^of.^" 

. u * 

By the same method the following result can l?e proved. \ 

' (5.4)^ L^t a ^ be ,a real number > 0. Then the equation 

x^ = a has exactly two 'solutions +r, where r is a real number . 

2^ ' ' ^ 

. such thai .r = a. \ . " / * . 

Definition.* Let a > 0. Then the unique positive solution of- 

■ I I 1 r , t • « 

- the equation * x = a will be called the square root of a and 
denibted by JT; the other solution pf phe^ fequation"* is therefore 

. AS' a consequence of these definitions w6 have 

(5.5)* \y?'=. |a|. . . ' ■ ' • ■ 
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Exercises 



« 5- 



1. ProVe that there exists -^eal rtumber x, such that 

1^ 



/2. .The equation ax"^ + 





c ^ 0 wi^th real number * 



efficienis , a, b; c, a / 0, has a real nvi||j5er solution x 4rf 



and only if* b"^ O:. ^^There are bh^ of tw^ distinct soiutioi 

acco3^1ngly as b*" - 4ac =^-^r^ b - 4ac > 0. 

3. Prove that is an irrationeiir^^^^^^r. 

^4. Is >/T + '/2 rational or irrational? 



1-^ 



6, One - tO '- One Correspondences ♦ As a last l)repfLratiori for^ 
the ^ruler postulate we discuss the impprtanl; concept of a one-to- 
one correspondence between sets, which has already been Introduced 

— / - 

from^a more general point of view In ^Chapter 2. This notion 
originates ii/the problem of deciding when two ^ets of objects 
.^aVe the same number of elements. For example, at dance, let M 
be the set of all men present and W thp set of lall women present* 
- In- order, to decide whether the number of men in the set M is equal 
to the number of womien in thp set W, we could, count both numbens 
* ^ sepai;ately, aiKi compare the results ; Another method would^ W to 
wait until the danpe began, and see whether every man and woms^ has 
a partner. It is the latter idea that leads to the concept of a 
one-to-one correspondence. 
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Definition « . A one - to - one correspondence between two sets A 

and A' Is a znile^whlch assigns to every object a in A exactly 

one object a' in A» . in such a way, that if a^ ^ a^ m A, 

t 

then a'^' ^ a^f in A' , and such that every object in A' has an 
^i^ment in A assigned to it by the rule. , 

'We ihay' think of the rule as a pairing of the objects in A 
with the objects in A', in suoh a way, that (a)* each' object in 
A is assigned exactly one partner from A' ; (b) two different 
objects in " A have different partners .in A^; and (c), every 
object in A' is the partner of some object in A. 

We shall often denote a one-to-one correspondence by the 
"notation >^ 

a< — ^a' ^ - 

which' means that a' is the partner of a assigned by the rule. 
* . ) 

. ' Exercises 
' ' ' ^ i 

1, Let A be the set of all integers, and consider the rule 

3 

that assigns to each integer its* cube: a< — >a , Does this rule ^ 
define a .one-to-on^correspondence of A with itself? 

2. Let A be-the set of all integers and consider the rule 
a-js >-a + 5. Is this a one-to-one correspondence of A with itself? 
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3. Let A be the set of all integers- and consider the rule 
a< — >2a. this a one-to-one correspondende of A with itself? 

4. Let R be the set of all real numbers, and consider the 
rule a< — >2a. Is 'this a one-to-one correspondence of R with 
itself? - ^ - . 



7. The Ruldr Postulate^ After a long digression we are back 
to- geometry againi This section contains the Ruler Postulate, which 
is actually broken down into three ,separa^^part$ which we call 
Postulates 6, 7 and 8, some definitions, 'and the consequences of 
the Ruler Pos^tulate for the study of the notion of '^etweenness for 
points on a line. ' » 

At this^ .i^int^ th6 reader is advisef^ to reread the introduction 
to this chaptjer, espeM-ally^the motivating discussion for the Ruler 
Postulate. 

Postulate 6. To every pair of^points A^ ^ there corresponds 
a unique real riuniber, designated by AB, and called the distance 
between A and B. If A and B are different points then AB 
is positive. We allow 'also the possibility that A B; in this 
case, AB = 0. ' , 

Postulate i: The points of a line can be put in one-to-one 
/c<?ri»)5spondence with the real numbers in such a waj^j that the distance 
een two points is the absolute value of the difference b^tw^en. 
the corre^ppnding numbers. 
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C7'l) ' Th® distance AB has the ^properties that 

' AB s= BA, • ^ 

and if A, B, C are collinear, then 

AC + CB AB. 

proof: The first result follows from the fact 'that 
^7 - x| = |x -^y|/ For the second, let A, B, C correspond to 
the real p,\arabers a, b, c, respectively..* Then 

. AC'+ CB = |c - a| + |b - cj > -t(c - a) + .(b.- c) | 
= |b - a| = AB * . 

by (4.5). This completes the proof. 

Definition, a correspondence of t^ kind described in 

rj — 

PosWlate 7 is calle'd a coordinate system on %\ and the nximber 
corresponding to a point of % is called the coordinate of-' that 



point. 



\ 



For the. c6n^enience of the re^id^ r we x-^.-pfeat the following 
deflhition, already giver 



Definition . . Let x, y, z be real numbera. Then z is said 
to "be between x and y if either x<z<y or y<z<x.^ 

Definition i If A, B, C are -different points on a line %, 
B is said to be betweeia - A and C if and only if 

AB + 'BC ^ AC ♦ , , ' 



\ 
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Theorem 4.1 . If the three different cpllinear points 'A, B 
have coordinates x, y, z, respectively, then B is between A 
and C if and only f y is between x and z • 

Proof: If y is between x and z* then either *x < y < 
or z < y < X. In. the first case, 

. ' AB + BC |x - y| + |y' - zl 

• = (y - x) + (z- - y) 

< = z- x= |x-z| = AC, 
and B is between A" and C. The caSe z < y \< x proceeds 
similarly. ; 

Conversely, suppose .B is between. A and C, so that 

' AB + BC = AC. • ^ 

(Then 

. |x - y| +^!y.-, z| = |x - zl. 
There are eight* possible cases of thi^ equation: 



(x - 


y> 




(y - 


z) 


= X 


- z 


(x - 


y). 


+ 


(y - 




= z 


- X 


(x - 


y) 


+ 


(z - 


y) 


= X 


<- z 


(X - 


y) 


+ 


(Z-- 




=3 Z 


- X 


(y - 


X) 


+ 


(y - 




^ X 


- z 


.(y - 


x) 


+ 


(y - 


z) 


= -z 


- X 


(y - 


x) 


+ 


{z - 




= X 


- z 


.(y - 


X) 


+ 


(z - 


y) 


= z 


- X. 
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The- Six middle cases lead to y, x = z, or y = z, none of ' 

vSiich is time because A, B, and C are distinct points, and the 

correspondence between points and their coordinates is ome-tQ-one. 

• * ' 

The first case arises when^* x > y > z and the' last when x < y < z, 
so that in both possible cases, y is between x and z.«- 

Theorem . Of three different collinear points, precisely 
one is between the other two. 

We remark that^it may be possible to introduce many different 
coordinate systems on d- line; intuitively, this *mean^ that we shltt 
our ruler al-ong the liiie in so;ne way,, or that w^ use a, different 
inaler (i.e.. We change the. unit of length). We emphasize; however, 
^that tiie definition of betweenness is independent of the choice of . 
.a particular coordinate system, and that the conclusion of Theorem 
4«2 Is independent of the choice of a coordinate system, althou^ 
'the proof' is not. - . - * 

in accordance With our remarks on page 71 we do not wish to 
change the 'unit of : ,ength ^ut^^Je^may wish to Change the position 
of the ruler on the OJLn^ This is accomplished by the following 
postulate. ' • . 

Postulate 8. If A and B are distinct joints on a line / 
then £[ chordinate system can be chosen on such that, the co- 

ordinate of A is zero and the coordinate of • B is positive. 
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• 8» S events and Rays ^ We begin with some more definitions. 

o ' • • * 

- ^ N 

Definition ,. If A and B are. diffe;:^nt points on a line X* 
the \mion of A, B, ^d all points of X between A and B is- . 
called the segment AB. A and B- are end - points of AB. 
d(A,B) is the' length of' AB.'. -^'^ 

Definition. If A *and B ^are di/ferent joints on a line ' 
the union of A? and all points P on such that B is 

be,tween ,A and jP is called the ray AB,, A is the end-£oint of 

ab: ^ ^ \ ' " - ' ' 

c ' Definition . If A, B, and C * are different 5)oints on a line 
/, and C is between A and , B, the rays CA and " are » 
said to be opposite . ' ' , \ * 

Theorem 4>3 . *Given^a coordinate system on a line, the set of 

points whose cooi^dinates , are positive or zero Is a ray, and the set 

of points whose coordinates are. negative or zero is the opposite 
ray. . / - 

. Proof: Let A h^ve coordinate zero,' B a , positive coordinate 
* X, C, a negative coordinate y; 'If P iQ a point whose coordinate 
-'2 is positive or z-ero, then Ijy (O.i) either. > ' 

z = 0 and P = A;. ' 
z = X and P = B; ' ^ 

< ' 2f - X > 0 and B is between A and P; ^ or 
-(z - x) > 0 and P is between A and B.* 
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in ai^ case P ' is a point of AB. Conversely, if P is, a point 
^ of Ijhe foxir cases can be reversed to prove that z is either 
positive or zero. 

The relation between ftegative Values of z 'and the ray AC 
is proved in a similar way* "Since A is between B aind C, 
is opposite to AB. \ 

* 

Theorem 4>4 , The union of two opposite rays is the line 
containing them. 

Theorem 4>5 . A ray is determined by its e^d- point and any of 
its other points, i.e., if C is a point of AB other than A, 
then ' A'C = AB. 

Theorem 4^6 . Given a positive real nvimber. r, .on any ray 
^ .there is exactly "pne point whose, distance from the ray's end-point 

is T?. \ ^' * ' ^ J_ 

Theorem 4^7* * Given a line a point P on X, and a ^ 

positive real number r, there are exactly two points on X 
distance from P is r. ' > 

• " ' Theorem 4,8* . If P and Q are points on the ray AX, then 
p is between A and Q if and only if AP < AQ. 

Theorem 4.9 . If C and^D are different points of AB (or^ 
^Qf AB), then every pc^t of CD is a point AB (or of AB) . 
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Theorem 4.10 > If A and B are distinct points theiae is* 

exactly one point M on line AB^ such that d(A,M) = d(B,M), 

*' ' ^ 'I 
Proof: Let p and q • be the coordina'tefs of A and B/ in 

a coordinate system on arid* let x be/the coordinate of / 1*^, 

^^suirAng the M exists . If AM -BM we^ must have 

|p - x| = |z - 2:1 . 

There are two cases (the reader will recall a discussion or this 

problem in Example 3 of |4) . y 

(i) p - X = q - X. ^ . , 

This gives p = q, which is impossible since A and are * 

different points. 

(ii) p - X = X - q. 

This equation has the ^ique solution ''x = ^(p + q)/ ^'and the 

unique xK)int M on / with this coordinate is t^ie p;Oint required 

in the statement of the theorem.^ — / - , 

t Pef inition . Let ^A and B be different poinis on a line X* 
Thfe tmique point M on X l^ith the property that AM ^ BM- is 
.called the mid - point of the segment AB. . 

Definitions. If Ay B, C are non-collinear "points , the unibn 
of AB, Bp, and .CA is called a triangle . These three segments 
are called the sides of the triangle; the points A, B, C the 
vertices of the triangle. A vertex and a side are saj.d to be 
adjacent if the side contains the vertex, otherwise th^ vertex and 
the side are said to- be opposite . We shall denote the triangle 
with vertices B^ C by the notation A ABC. 



• , • Chapter 5 

* - / Separation iJn^Plane^ arid In Space 

' . ' t : • ' * 

- ' !• ' Introductory Remarks >^ In Sections 7 "^and 8 of the" 
/" , 

preceding chapter, the order of points on a Jlne was discussed 
with the/,help^of a pr^A^e definition of the relation of between- 
ness fo^^polnts on a line. One by-product of our ^forts ii that 
tl^e reader now has the tools to formulate meaningful definltlpns 
ank problems ^concerning the order , of points on a line, besides^ 
thosre 'Jbhat haye already been Introduced. ' For^ example, th^ reader 
Is invited to give a pre<xlse meaning to the statement concerning 
the three points B, C on a line, that and are on ' 

the same. side of C. * . ^ 

Corresponding problems can now be raised concerning ^llnes.^n, 
the plane or In space. For example, given threte distinct copl^^r 
rays OA, OB,- Ob, the reader will observe that at this point' 
he jCs unable to gl^^e meaning' to the statement that the. ray OB 
is betw[een the rays OA and 0C^. Or given a line / plane 
p, what does It mean to sa,y that- two polAts A and B fn the 
plane p both lie on the same slde^of ^ Other questions which 
'will present, themselves 'lai^er aY»e jj;hese: What Is meai>t by tha- . 
interior of an angle? What Is the Interior of a ti»l^igle? * 

Most of the Important the^orems on angles and triangles can- 
notf*be establishes in^ a satisfactory way without coming to grips 
with these "separari^i^^^roblems In the plane. This chkpter 
^contains only the basic separation axioms and thq'lr consequenc^es. 



/ • 108 



but the subject will demonstrate its importance and power time *and 
tinte Again in Chapter 6 on angles and Chapter 7 on congruence. . 

^*he reader may be concerned about our insistence upon a de- 
tailed study of seemingly trivial points. To this we say first 
that *;he reader must admit that the difficulties we consider do 
exist, so that JLt is only natural that we should confront them 
forthright ly. There is also the point that the geometry we are 
detvel oping is intended to be a mathematical model of perceptual 
geometry. Thus some of the difficulties we face are concerned with 
whether our mathematical mode^ is Appropriate, and the fact that 
we c^ overcome them gives us confidence that our mathematical 
geometry is in agreement with our intuition. 

* 4r . . ^ 



2. The Separation Postulates , ih the Plane and in Space . 
There are two separatioji postulates, the first describing tfhe 
'separatipfi of a plane into two half -planes by a line; and the 
second,, the separation ot space into two half -spaces by a"* plane. 

Postulate 9.' If / is' a line and p a plane containing 
the points of p not in / consist of two non-^mpty sets, called 
half-planes , such tjiat if two points X and Y are in, the same 
half -plane the segment XY does not intersect the line ^ and 
if and Y are in different half-planes, the segment XY does 
intersect the line / 
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Postulate 10, If p is a plari^, the points not in p cl^ri- 

sist of two non-emp\y sets,, called half - spaces , such that if two 

points, X and' Y ar^ in the ^pame half-space> the segment XY 

does not intersect the plane ^p; ^ andc3.f* Z*^ and Y are in dif-. 

* « . 

ferent half-spaces, the " segment XY does intersect the plane'. 
«• ^ 

"Postulate 9 can be proved fpom Postulate 10, but it is in 
keeping with oup" elementary ^groach to present these separation 
properties as/ distinct ^stulate-s, / - ' 



3 • Theorems on Separat^ion in the Plane and in Space . We 
begin with some definitions. S. v 

Definition . Two poir^ts in the same half- space de^rjnined by 
a pl^ are said to be 'o/f*the same side* af ^ p;^ >wo points In 
different half-spaces aetemined by p are^^aia to be on' opposite 
Sides of ^p. ^Ikijarly, two poinjalifxn^ plane are on the same or 
opposite sides of a line In t^Jfeplane according as they lie In.^ 
the same or different half -plants determined by the line< 
V 

Definition . A line is said td\be the edge of any of .the , 
half -planes determined by it. A plants the face of either of 
the half -spaces' determined by it. / i 

First of all vfe. observe that the "if" statemefttajrri 
Postulates 8 and 8a cfan toe replaced by "if and only if." ^ We 
have: • ' > ^ 

(3.1)* Two different poj^t^s A and "B lie in the same 
half -space or half-plane h if and only if AB does not intersect 



tiif face or edge, respectively, of h. 



J' ^ Theorem 5>1 >> If is a half -plane or a 'half -space, and if 

ahd B, are t-wo different points in h, ^^^^ every point of . 
4^ AB is in ' h. . ' { 

Proof: .Assume first that h -is a half-plane ,and let X ^® 
the edge of 'h. Let C be a point of AB; if ^ C = A, then C 
is in h by asdiimption, so, that we may assume C / A. 3y Theorem 
4^.9 every poinl -of AC is a pbin^bf AB. By (3.1) no point of 
AB^is on X, ahd consequently no point of AC is on X*. ^ 
(-3.1) again, A and ^C are on the same side of -X* Because' A 
is in h, so is C,, and the proof for the case of a half -plane ^ 
is oompleted. Ttie proof in the case of a half-space is entirely . ' 
analogous to the argument we have given, and the details will be 
omitted. , . . ' - 



. Theorem 5.2 , If h is a half -plane with edge X ^ half- 

' V ' . I' 

' space with face X ^i^^ A " 'is a point X ^ind B a point of 
h, then every point of tne ray AB, other than ^, is in h. 

For convenience, when the conditions of Theoreirf 5.2 are - 
satisfied we shall, say that AB lies in h, although. this is not 



strictly .time because A, is not in h. 



Theorem 5.*3 . ^ In a plane p consider six points with the 
following relationships among them. A, B, and' C are nori- 
co3,linear, B .is between A and D, E is between B ^ and^ „C , 
^ and also between A and Then In th^ plane ^p, C and 'F 
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ajfe on the same side of AB'^ and D and F are on the same side 
■of BE. . ' 



[.ThiC theorem is used in Chapter 7 to prove that^he measure 
of istn exterior angle of p triangle is- greater tnan the measure of 
either cff the remote interior angles,]^ 

Before beginning the proof the reader is advised to make 'a " 
figuj»e to fix the relationships in his mind. It is also helpful 
. to derive the following preliminary result. * j 

(3.2) If in^a plane p, C and E ;iie on the same side of 
a line in p, and if. E and F 11^ Dn ^he same side of, X* 
then jfc and F lie on the same side of 

Proof of (3.2) ^; Let h be the half.-plane .wl'th edge X '^o^- 
taining' a and e; Then- C and F also l|ie in h. Therefore, 
' E and F lie on the same side of X- 

Rroof of Theorem 5.3 ; From the hypotnesis of the theorem, 
the liners AB and ^^BC^ are distinct and. intersect in the^ unique 
point B. On BC, E is between B and/ C. 5y Theorem 4.2, B' 
is not between and E, Coi\sequently ho point of the segment 
CE lies on AB and it follows that C|t' and E ai^e on the same 
.aide of AB. Because E is not on AB,. AF and« AFai^&^^stlnct 




lines .intersecting at A. BecatfseV e is between A ariS F^^A 
is not between E and F and we conclude as before that E auid 

.P «re'on the same side of AB; By (3*:2)^ C and F are on the 
same side of AB,' and the first assertion is proved. ^ 

^ , For the second part^ observe ^that the segments AF an^i AP 



both intersect the liile BE "in tke points B and E respectively. 
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'^'Moreover none of the points A, D, or F lie omthe line BE. 
Therefore A and P lie on opposite Sides of BE and. A- and 
D lie on opposite sides of BE. 'Let h and h« be the half- 



planes determined by the line, BE. If 'l^ is in h, then both * 
P and D lie "in h' and we conclude that P^ and D lie on- the i 
same side of th^ line BE. This completes the proof of this 
Theorem. . / ; ' 

. Theorem (Axiom V Pasch) . If a line in the plane of 

A ABC intersects AB in a point D betwej^v S> -then 

X either contains C or A, ■ ot* intersects AC but not BC, 

or X intersects BC but not A^ \ 

Proof : If ' X contains - C or A then there is nothing to 
proyp. Thus we may assume that 'X does not contain C,, and 
inter^^ects aF, in the unique point D. ^B^ (3.lT, A and '^^B^' are 
on/opposite sides of L^t h and*h« be the'half'^rpi^es in 

the plane of' tUe triangle' ABC ' with edge X> su^pd^ th^fii^ A 

is in h, B in^ h« . Because - C Is not on X/, ^C^rrls^^^her |n 
• h or in h'\ If C 1^, 'X^ hV, then' A . and Q on? opposij^e 

''sides of %r and X intersects- AC, while b^pafii^C^^ B fand C \^ ^ 
. are or\ the same side of X> BC does not int^l^Sect; Similarly, 
*if ,C is in h, then % intersects BC .but, not^ AC. This 
completes the proof. . / * 

In his approach ta geom^t^y, Hilbert 'us^'d Theorem as a 
;postui^fct|^ iifplace of our Postulate 9. . 
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4. Convex Sets in the^^ piane . In a way this section is an 

■ 

appendix to^the chapter; it introduces the reader to some ideas 




l^jproved to be of' great- importance in present day mathe- 
; matins, "^Bttt whleh lead very rapidly outside the realm* of elementary 
*^bmetry. On %he other hand,^it is possible to develop at least 
the simplest parts of the^ubject as an application of the work we 
have done in this chapter, 

Thro\ighout the section, we Shall consider sets of points, 
flying in a fixed plane p. ^ ' 

Definition. A s€,t of points C JLn tfie plane p is said to , 
be convex *if whenever A and B , belong feo C, 'so does the, entire 
segment AB", '^^ ' 

The * skimpiest example of a convex set is the whole plane p^ 
A- less tr^ivial example"^ is given by the following remarkT » 

(4,1) A » half -plane is conve^r* ' • 

^ This assertion is merely a restatement of Theorem 5.1 » In 
fact the reader may verify that the *f irst part of Postulate 9 , 
could be replaced by the equivalent^ statement: 

' l^tf^X is a line and p a plane containing the points' 

of p not in X consist of two non-empty convex sets, called 
half - planes . • . - ^ 

One of the most useful, properties of convex sets is the 
following: , 

(4.'§.)*^The intersection of two oi^more convex sets is convex. 

Questionf 4s the union of two dn^v^x s^^ts always convex? 
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Definition. Let A, B, C be three non-collinear points. 

'Let be the half -plane with edge *BC containing A, H^- the 

half-plane with edge ^ containing B/ and" the half-plane^- 

with edge AB containing C. The intersection of N;he half -planes 

H^, ^® called the interior of the triangle ABC, 

« * • 
(4.3)* The interior of a triangle is a convex- set. 

Exercises • 

1. Prove Postulate 9 from Postulate' 10. (Hint: Let q be 
a plane distinct from p and containing ^ , and apply Postulate 
10 to q\ ) , ^ ^ ' ^ 

,2. Determine all convex sets which arfe contained in a line 



^ * • Chaptei:, 6 ■ ^ 

. " Angles and the Protractor Postulates . 

1. Introduction > In Chapter'' 4 we were careful to distinguish 

between the concepts of a sajgrnent and its length; a segment was 

defined a point set> and its length as the real number measuring 

r 

the distance between the end-points according to the Ruler Postulate 
The -ajpproach we shall adopt in this ohapte^ is similar to the ^ 
discussion in Chapter Thus ah angle is cieJTined as a geometrical 
ot^ct, i.e., a point s^et, consisting of the union of two non- 
collinear rays, ^th the same end-point. With ^very angle is asso- 
ciated a unique^eal number which we shall call the measure of th^ 

♦ 3 

angle. The propef-ties pf this measure are stated, for convenience 
in four posWlates, which together constitute an abstract' ^ 
"protractor," Just as Postulates 6, 7 and 8 specified a "ruler". 
That iar, we assume that we are given once 'and for all a "protractor", 
a segment together^w^h a semi-circle with the S|gment ^s diameter, 
such that at each point on' the circumference of the semt-circle is 
marked a real number from 0. to l80, * and such that each real 
number from Cr to " l8o has it-e mark on olir protractor. Then an 
angle consisting of the non-collinear rays QA*^ and «QB can be 
measured by laying down the protractor in such a^aty that Q 
lies at the mid-point of the straight edge ^f the protractor and 
A and B lie in the half-plane determined by 'the e^itended edge 
of the protractor and conta^nlngy^ie^marked ^emi-circle on the 
protractor. I'hen the rays and QB will intersect the arc 



of'^the, protractor In t.wo points, at which we may read the real 
numbers a and b respectively* The measure of the angle AQB 
then is given by |a ~ - « 

, We emphasize that as in our discussion of distance, we s.ve 
adopting a fixed unit of angular measure, which we shall call the 
degree. Of course it is possible to replace l8o by amy other ^ 
positive real number amd thus change the unit of angular measure. 
As the reader may verify, however, such a chamge will not affect 
the statements' or content of our theorems in any significant way. 

The one big difference between measure of distance and 
measure of angle lies in the fact that any positive number is the 
measure of some distance, whereas the measure of an angle ^is 
restricted to a limited range of .^numbers, 0 to l80 if we use 

the degree as the unit of measure. In general this makes ^angles 

^ ^* 

more difficult to deal with thsai segments. One way to get* around 

\ 

this restriction is to define "angle" differently, so that it is 
no longer merely a point set.' This introduces othei! difficulties 
but it is found to be essential for a complete treatment of 
trigonometry. ^ ^ 

It is woi;:th knowing that in one of the so-called "non- 
Euclidean" geometries the measure of distance is exactly analo- • 
gous to our measure of angle. Going in the oiher' direction, one 
might try to develop a geometry in which both distance and angle 
are al?.Qwed to have arbitrarily large values. It turns out, how- 
ever, that it is impossrlble,to do this and still preserve the 
basic Incidence postulates of Chapter 3. 
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2. Definitions and the Separation Properties . All the 
definitions and results lean heavily oh the material on separation 
given In Chapter 5. \ • • 

Definitions . An angle 1^ the union of two non-colllnear rays 
with the same end-point. The two rays are called the sides of the 
angle; their common end-point the vertex of the angle. ^ 

Notations . If BA and - Bc"^ are non-colllnear rays with com- 
mon end-point B, we shall denote the angle formed by them by 
/ ABC (read "angle ABC"). Conversely the notation^ / ABC will 
be used whenever A-, B, C are non-colllnear 'to denote the angle 
which is the'^Tinion of the rays BA and BC. Sometimes we shall 
abbreviate / ABC to / B when there is no p^osslbllity of confu- 
sion. ■ , - ^ i 

We remark that if A, B>^ C and A', B', C, are two%*sets of 
non-colllnear points, we have^ ^ " 

If and only If the union of the rays BA and BC is the same 

— /-> ' — ^ 

point set. as the union of the rays B«A« or B'C'.- This requires 



that B= B», A lies on B'A" or B»C', etc. 

Definition . The interior of / ABC is 'the intersection of 

'the half-planes^ h^ and h^, where ^ the half-plane with'^ 

< — > . ^ ^ ^ 

edge BC containing A and h^ ^ is the half -plane with edge* AB 

containing C . 
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Definition . The exterior of an angle Is the^ set of all points ^ 
In the plane containing the angle which are neither on the angle nor ^ 
In the 'interior of the angle. 

Definition , Two angles are said to be adjacent if tiiey both p 
lie in the same flane and if they have a common side such that 
their other sides lie in opposite half^planes determined by the 
line conta:Lnlng their commofi side. 

Definition , The vertical angle of the angle ABC is the 
angle formed by the rays op^^osite to BA and EC, 

Definition , Given a triangle ABC, the angles /'BAG, / ACB, 
and, / CBA are called the angles of the " triangle > 

Note that an angle of a triangle is not a subset of the tri- 

-> — > 

angle, / ABC is. the union of the two rays BA and BC, whereas 
A ABC co-ntajlns only portions of these rays, namely segments BA' 
and BC. 

The following theorems state and prove the fundamental sepa- 
ration properties of angles. Most of these properties are 
"intuitively obvious" and at the^same time rather difficult to 
prove. (This is a common situation in mathematics.) These proofs, 
are therefore not appropriate for presenting to most high school'^ 
students. In the text book these * "obvious" properties wo\nd be 
assumed! However, a good teacher should realize that they require 
proof (unless we introduce them as additional postulates) and 
• should be able to prove them. . 



• Theoreni 6.1 . Any ^int between A and B is in the interior 

of ^ aqb! , 

^ / 

Proof : i;,et' P be a point between A and B. By Theorem 5.2, 

— > 

every point on the ray BA other than B lies in the half -plane 
with edge QB containing A, and since P lies on the ray . BA,.- 
P is in this half-plane. Similarly P /lies in the half-plane 
with edge QA containing B, and so^ by the definition at the 
bottom of page 117, P is in the interior of / AQB. .1 

Theorem 6.2 . If QB and QC are 'different rays in a half- 
plane with edge QA then either B is in the interior of ^ AQC 
or C ia in the interior of / AQB. 

Tvoof: First we sketch the basic idea of the proof. We have " 
to .prove that either one of two statements is valid. Consider 
the first statement: it is either true or false. If it is true, 

then there is nothing to be proved. If it is false,' then we must 

r 

prove that the second statement is true. Therefore it is suffi- 
cient to prove that*if B is not in the interior of / AQC, then 
C is in the interior of / AQB. . 

Let h be the half -plane with edge containing B and 

C . Isecause the interior of AQC is T:he in;fcersection of h ^ 
with the half -plane h> ^ with edge QC containing A; B does 
not belong to the interior of / AQC only if B is not in h». 
If this occurs we must prove that C belongs to the interior or 
/AQB. 



Thus we suppose B is not in *h'j then A and B are on 
apposite 34.des of t^, and AB intersects QC in a point R Q. 

Our first objective is to' show that the 'rays QR and 

are identical. The only way this can be false is for QR and QC 

to be opposite rays. In this case/ Q is between * R and C, and 

since C ' is in the half -plane" h, R *is in the half -plane h"' 

with edge QA opposite to h. By Theorem 5*2, every point^on the 

^ * 

ray AR other than A is in *h" . Since R is between; A and 

B, , B is on AR, and hence lies in. h", contrary to the hypothesis 
that B is in h, Therefore it is impossible for* QR and QC to 
'be opposite rays, and we have QR = QC 

Now we are ready to prove that C is in the interior of 
/ AQB. Because R is between A and B', Theorem 5.i asserts 
that^ R is in interior of / AQB, and since' QR =^QC, we conclude 
that • C is also in this interior. (The reader is asked to supply 
the argument for this last step.'] 

[We remark that if one 'draws a figure for Theorem 6.2,* it is 
hard to imagine how it could be false. * We should remember, how- 
ever, that our geometry is an idealization of our experience, and 
the fact that our axioms^ are sufficiently powerful to make a formal 
proof of this theorem possible at alllT encourages us to think that 
our geometry^l-S not^such a bad model of our perceptual geomet3?y. . 
The same comment's ajpply to other theoreirj^ in this section, espe- 
cially 6.3 and 6.4.] ^ • • 

Theorem 6.2* will be Vei^y useful when used in conjunction with 
Postulate 13. * 
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The proof of the next theorem is quite complicated, and is 
easier to follow if we state, for reference, a simple consequence 
of Theorem 5»2/ < ^ 

. Lemma . If / is a line in plane p, U and V different 
points on /, and X ' and^ Y points in p on opposite sides of 
X, then UX and VY do not intersect. 

(a "lemma" is a^ theorem which is pf no real interest iri it- 
self but is useful in proving other theorems.) 

Theorem 6.3 . If P is a point in the interior of / AQB ; 
then QP intersects AB. 

Proof: Let QP' and QA» be the rays opposite to and 
For convenience we list the varioi:^s separation propertiefe^f 



bur figure: 












(i) 


P 


and 


A 


are on the same 


side of 


QB, 


(ii) 
(iii) 


P 
P 


and 
and 


B ' 
P» 


are on the same 
are on oppo^te 


side of 
sides of 


QAi 

% 

* OA, 


(iv) 


P 


and 


P> 


are on opposite 


sides of 




(v) 


A 


and 


A> 


are^n opposite 


s'ides of 


<-> 

QP, 


(vi) 


A 


and 


A> 


are on opposite 


sides of 


QB. 



The first two toWoM from the definition of interior of an angle, 
the other four from the definit.ion of o^pposite rays. 

We wish to prove two things: ^ 

(1) That A and B are on opposite sides of QP, 

(2) That AB does not intersect QP« . 

Our theorem will follow from these, for if AB intersects 
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^from (l)^ and does not Intersect QP',.then AB must intersect 

We prove (2) first, since it is easiest* Prom (ii) and (iii) 
it follows that ,B and P» are on opposite sl^de^^t^ ^it. If we 
apply the lemma, with X = QA, U = A, = Q, X = B, Y = P', 
we see that AB and Q?* do not intersect. By Theorem 4,9, 
AB and QP» do not intersect. 

We now tackle (l), which is a much tougher Job. The proof 
falls into three parts. 

(a) From (i) and (vi), A» an.d P are on opposite sides 

of ' QB. Applying the lemma v{ith X = QB, U B, V Q, X = A» , 

Y PS we have'' that BA> does not intersect QP'. Hence 

(Theorem 4.9), BA* does not inter se(^ 

-*(b) This is similar to (a), starting' with (ii) and (iii) . 
and^ ending" with 'A ^B not intersecting QP. 

(c) Prom (a) and (b) it follows that ^A'B does .not inter- 
sect W; that is, A» and B are on the same side of 

Combining this with (v) we have that A and B are on opposite 

<— > - < > 

sides of PQ; that is, AB intersects EQ, as was to be' proved. 

This theorem is a g^od illustration of the complications one 

cW get into in proving an "obvious" result. This property of an 

angle is tacitly assumed in most geometry books, for instance 

when one speaks" the inter^ial bisector of an angle of a triangle 

intersecting the opposite side (e.g. the first proof of Th^Borem 

7.l)i 



The following theorem, while not as *basic as Theorem 6,3, is 
. interesting. It follows from Theorem 6,3, but is not easy, 

♦ 

Theorem 6,4 t If P is a point in the interior of A ABC 
then any ray PQ intersects A ABC in exactly one point. 

Suggestion for proof ; Consider the possible positions of Q 
with respfect t,o the rays PA, PB, and and the angles they 

determine. 

The following theorem will be used in Chapter 9, Its proof 
is relatively easy and is left as an exercise. 

Theorem 6,4a , Given / BAC, if X and U are points on 
AB such that 0 < AX < AU, and Y and V are points on AC 
such that 0 < AV; < AY, then XY and UV intersi.ect 



3, Protractor Postulates , » 

Postulate 11 , To ever?^ ingle ' ABC there corresponds a^ 
unique real number betw^n 0 „and ' l80, called the measure of 
anglejand designated yy m(/ ABC), 

' ' ^ ■• 

Postulate ^ 2f2 , yLet QX be a ray on the edge of i)alf -plane t 
For any real number r between 0 and l80 there is a point Y 
in h suc^ that the XQY) = r.* 

" Postulate 13, If ^ D is a point in the interior of / AQB 
then m(/ AQD) 4- m(/ B^D) = m(AQB), 
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* Postulate 14 . If 'qX and • are opposite 'rays and 
another ray then m(/ a'QC) + m(/ B^c) ='l8o. 

Theorem p.5. Le/ QA be on the edge of half -plane h, and 
O^t^ QB and QC be/different rays in h. Let m(/ A(iB) = r> ' 
m(/ AQC) = s. Then/ ^ . , 

(1)" r / s, / / ^ - 

, (2) r < s ^f arid only if B is in the interior of / AQC. 
(3) m(/ m) = |r - s|. ' ^ 

proof: From Theorem 6.2, either B is in the interior of 
/ AQC or C IS in the interior of / AQB. We put the two bases 



in -parallel columns. 

B in inte^ipr of / AQC. 
* • / • 

m(/ AQB) + fiil mc) = m(/. AQC). 



C in interior of / AQB. 

m(/ AQC) + m(/ B^C) = m(/^ AQB). 



(Postulate 13.) 



mil ^C,) = m(/ AQC) - m(/ AQB) 
= s - r - . . 



m(/ mc) - mil AQB) - m</ AQC) 
= r - s. 



(1) In either case, since m(/ B^C) f 0 (Postulate ll) we 
have r / s. , ^ 

^ (2) Since r < s is ^quiyalent to s - r > 0; and since ^ 
mil > ^' r < s goes with the case, B in the interior of 

/ AQC • 

('3) ^ In either case, since m(/ BQC) > 0, m(/ KlC) = |r - a| 

This theorem shows that our angle measure behaves much like . 
our distance"" measure ^s specified by Postulates 7 and ^. ^ 
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Theorem 6.6 . If QB axii QC are different rays In- a half- 

" ^ ^ 

plane , with edge QA then we cannot have simultaneously .both B 

"'"'^^ "^Isi the interio'r of //A^ and C in the Anterior of / AQB* 



/ • 

njg Lines* 



4; ' Theorems on Angles Formed bj Two Intersecti: 

Consider two lines X ►X' which intersect in the unique 

point Q. Then there exist poin-cs A and, -B on X which lie 

on opposite sides of X', and points A» and B' on which 

lie on opposite sides of. X. First of all we determine all possi- 

^ ^ > > > > r ' \ . 

ble angles with sides QA^ QB, QA»,> QB' • B^c^use the sides of 

an angle must be non-collinear, there .are exactly two angles with 

side ' QA, namely, 

/_ AQA», / AQB», 
The angles with side QB are 

Z BiA«,> ^ I KIB'; 

with side QA^S 

. I A«QA, . I A'QB; 

and with side QB'. " ^ . ' 

^B'QA, ^ /_ B'QB. 

Of these there are exactly four distinct angles, namely 
/AQA», ./AQB', ^B^A', / B^B^. ' 

^ese four angiee^^re called the angles formed by the intersect- 
ing lines X ^^d ' X* • Of these we can select out exactly four 
pairs of adjacent angles, namely 
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/ AQA' , / ACiB> , common side /Q, 
/ BftA',, / BftB'; common side' QB, - . - . 
' . / AQA'/ / BftAS common side QA', 

, < , . AQB^, / BftB^ , common side QB' . 

' These are. all possible pairs of adjacent amgles, and we check that 



the#rirst pair are actually ac^acent in the sense of the definition-^ 
since, by'^as sumption. A' and B' lie in opposite half -planes 
determined by the >^ line / containing the common side QA^ Because 

arid Q^, smd Q?' and ' are pairs of opposite rays, Xt 
is cleai^ that there are exactly two pairs of vertical angles formed 
by X X' f iiamely * ' 



\ ^ , ' ^ A 



-and 



I AQA', / KlB'j 



^AQ^>, /BCiA'. 



V ■ v 

Definitions , Two angle s^^e^ cong^ruent if their mea 



5a sure s are 

e.qual; they are supplemerjbary if the sum of their measures is l8a ^ 
(each is ^sald to be a supplement to the other) . ^ 

— ^ * ; ^ 

Theorem 6.7 . When t^tp /lines ^'^'*^md*,^^, ..ii^psect, adjacent 
£^les are supplementary, and vertical angles are congruent. 

■ ' . ^ • , f ' : " . „ 

[Note that it is incorrect in our setup to say that vertical 
angles are equal.] 7 

Proof : Let Q,' A*, B, AS ' B« be defined according to the 
beginning of this section. Although there ire four pairs of ad- 
jacent angles it is sufficient to prove that / AQA' and / AQB« 
are ^supplementary, slYice any of th^ other pairs can then be taken 
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c|ye of by this case and a change of notation.. Because ^the segment 
A*^B' intersects )^ in the unique point Q, Q is between A' 
and.- BS anci and QB' are opposite rays. By ^stulate l4, 

• m{/[ AQA» ) + m'(/ AQB^j = l80, , ^ ' 

^and the first assertion of the theorem is proved. 

iPor the second assertion we shall prove that the vertical 
angles AQA' and / B^^L^are congruent. Consulting our table 
ot adjacent, angles, both oY these angles are adjacent to the com- 
men ^ AQB» . Applying the first assertion of the theorem, the 
reader can now verify at once that / AQA' and / BQB' have' equal 
^fleasure. ' n ^ ^ ~ 

Theorem 6.8 . If two adjacent angles formed by two intersect-* 
Ing lines are congruent, then all foiar are congruent. 



\ 



Definition . If two adjacent angles formed by two intersect- 
ing lines are. congruent the lines are said to be pei^pendicular 
and the angles' are called right singles . 

Theorem 6.§ . An angle is a right aingle if and only if its 

measure is 90.^ . - ' 

^ . « «^ 

s v Pef initions . An angle is said to be acute if its measure 

/ 4.S less than 90; obtuse if its measure is greater than 90. 

, Theorem 6.10 . In a given plane there is one and only one 
line pei^pendicular to a given line at a given point Ion -the line.^^ 



r., . ' - 




»fe ^ef|rem 6.11 ^ ir adjacent angles are supplementary th§ir 

noh^oimfo*^ .aides are collinear* 

Eroof I I^t / AQB and / BQC be adjacent and m(/ AQB) + 
/jBGKl}^ r^feo. Let opposite to QA, Then m(/ AQB) + 

ml/T5^\C^8^^ ai)d 80 mil BQC) = m(/ BiA').^';Now 

A__|nd C are on opposite sides or BQ (definition of adjacent* 
angles) and 30 are A and A». Hence A' and C are in the 
same half -plane with as edge, and it follows from Theorem 

6.5 (1) that QC = QA«. This proves* the theorem* 

, Exer cise 

" ^ 

Let m and n be distinct coplanar lines smd ' / a third 

line intersecting m and n , in dist^inct points A and (/ 
♦ 

is a transversal .to m ^nd n.) Give definitions of the following 
terms: interior angles, exterior angles, alternate interior angles, 
alt^bnate exterior" angles, corresponding angles (gometimes^ called 
exterior-interior 'angles) . , ' ^ 



5. Theoreins on Bfsectors of Angles . In this concluding 
section we establish the existence and uniqueness of the internal 
and external bisectox^s of an angle. 

Theorem Given / AQB, ^ there exists a unique XB.y -QM 

in the interior of / ^I^Wch-^ tti'ar 

' ^ ' , m(/'AQM) = m(/ B^) . 
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Proof ; Let ' h be the half-plane with edge and contain- 

ing B. ^ By Postulate 12 there' 1$ a ray QM . in h with m(/ AQM) 
= ^(Z AQB),- By Theorem 6.5 (2), is in the interior of / AQB. 
By Postulate 13 ^or Theorem 6.5 (3)^, 

m(/ BW) = m(Z AQB) m(Z AQM) 
= .|m(/ AQB) 
/ = m(Z AQM), 

Thus QM 'has the desired properties, ^ * 

To show that there cannot t)Q more than one such fay, let 
QN have tlie same properties. Then since 

- ^ m(Z AQN) = m(Z BQN) 

and " C \ * . 

m(Z AQN) + m(/ BQN) = m(Z AQB), 
(Postulate 13) we must have 



m(/ AQN) = •|m(Z AQB) = m(Z AQM). 



/ 

By Theorem~"6,5 (l) this is impossible if QN is different from 
QM, / ^ , 

Definition , The ray QM described in Theorem" 6, 12 is called 
the bisector^ of ^Z AQB, an<J is said to bisect / AQB: 

Theorem 6,13 ? Let QM^ be the opposite ray to the bisector 
QM ^ / AQB, Then m(/ AQM») = m(/ BSM'). ^ 

Definition , QM« is calli'd the external bisector of / AQB; 
by contrast is sometimes called the Internal bis^ector of 

Z AQB, ^ . . ,0 
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Theorem 6>l4 >,^ (Uniqueness of the external bisector.)^ Let 
■ > ^ <f 
QP^^^JJ.e in the exterior of / AQB, and suppose that m(/ AQP) 

m(/ Bftf). Then QP coincides with the extemai bisec^^or QM» 

of */<AQB. ' ' " 



4 



Chapter 7 ' * 

Congruence 

^ 1. Rigid Motion In EucljLdean Geometry . We have^g^en that 
the basic concepts of geometry are idealizations of portions of 
o\ir physical experiences. One of the most basic of our physical 
experiences Is the motion of a rigid body . Movement In general 
Is one of the first physical phenomena we perceive. A* clear dis- 
tinction between the movement of a rope and that, of a stick comes 
much later but Is certainly well established by high school age. 

Euclid took the concept of the motion of a iMgid body fpr 
granted, just as he did most of the separation properties, and 
s^ted no postulates concerning It. If we ^Ish to make use of 
the concept in our t'rea1;ment we must Introduce suitable deflnl- 
tlons and postulates to haridle It properly In oxxr proofs. This 

can be done, but It turns out to be difficult and rather compllca-;^ 

/ 

ted. ' ^ ' . / 

/ 

It Is also unnecessary, for If we examine Euclid's geoipetry 
we find that' the concept of rigid motion is really not pal't of It. 

% y 

Euclid's Is a static geometry, not a kinetic one. Th^kinetlcs 

of Euclidean space is of course very Important, bujbr its study is 

generally regarded as part of mechanics. This iB purely a matter 

of convenience; we prefer, in the interest of simplicit^>not to 
t » 

Introduce time into our geometry. (It is interesting t^ note , 
that in Einstein's Theory of Relativi^' it ^as found extremely 
^'useful to introduce the concept of time as part of the geometry. 
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This int;?oduction was made in 1908 by the German mathematician 
Hermann Minkowski, and Minkowskian geometry is now a well estab- 
llshed branch of mathematics.) 



2. Basic Definition of Congruence . Consider Euclid's proQf 
of the side-an^le-side theorem. Although he speaks of placing one- 
trlangT^H:>irt"fr^ othep he is not really interested in the actual 
motion, involving all intermediate positions of the triangle, but 
ORly in the beginning and end positions. We shall therefore ignore 
the possible intermediate positions entirely* in stating our defini- 
tions- and' postulates . 

Given two -figures (point 
sets) P and Gj if, intuitively, 
G can be moved to coincide with P ^ 
each point of G must be moved to 

coincide with a corresponding point of P, and, for the motion 
to be rigid, the distance between any €tJo points of G must not 
change while G is being moved. How can we express the essential 
features of this situation without using the concept of motion? 
Very easily: 

(1) There must be a one-to-one correspondence between the 
points of P and those of G; 

(2) l If P and Q are any two points of P, and P» and 
the corresponding points of G, then we must have PQ = P*Q4. 

A .correspondence of this type shall be called a congruence 
between P and G, and the two figures shall b€[ said to be 
congruent . 
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In most treatments of high school geometry the stress is put 
on the sec6nd of these definitions, as is easily seen from the 
wording of the theorems. We prefer , to emphasize the first, for 
the following reasons. In certain cases two figures can be con- 
gruent in more than one way, that is^ there may be more than- one * 
congruence between them. It may be of great' importance to dis- 
tinguish between these different congruences. In the second place, 
it is quite possible for a figure tO' be congruent to itself. In 
fact, this is always the case, since if every point is made to 
correspond to itself conditions (l) and (2) are c-ertainly satis-, 
fied. But there are .important cases when there is another,, non- 
trivial, congruence of the figure with itself; that is, one in . 
which not every point corresponds to itself. Such congruences - 
are basic in a 'precise treatment of the notion of symmetry. 

Notation, A one-i^to-one correspondence in which A corrissponds 
to P, B to Q, C to R, etc, shall be written ^ 

A, B, C , , , < > P, Q, R , , , 

If "cnis is a congruence we write 

A, f/c = P, Q, R ..| . 



Note ,that 

A, B, C = P, Q, R . 

is-^the same thing as 

A,' t5l> B = P, R, 'Q 



A, C, B = P, Q, R. 



\ 




but not the same as 



Ho 
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Sample theorem > If AB « XY there is a congruence "between 
AB and 3Cy such that A, B = X, Y. 

Partial proof : Set up a coordinate system on AB with A 

haTd.ng coordinate zero and B a positive coordinate. Set up a 

coordinate System on XY with X having coordinate zero and Y- 

a pbsltive coordinate. Let. a point P on AB' and a point Q on 

XY correspond if they have the same coordinates J.n the respective 

systems. This correspondence is then a congruence (proof left to 

reader). , ^ 

*♦ * • ' * 

CorollaiT . There is a non-trivial congruence of* a segment 

A* ^ 

with itself;, in particular, such that. A, B « B, A. ' ^ 

Proofs Merely take the special case X = B, Y = A/ which 
was not excluded. 

TheoHmbitious reader may try his hand at the proof of the 
following theorem: 

Two congruences as described above, with A, B = X, Y and 
A, B = Y, X, arfe the only congruences between AB and XY. 



3. A More Suitable Definition of Congruence . * Having now 
given a satisfactory definition of congruence we must confess that 
- it is not suitable for a development of high school geometry. One 
trouble lieSf in the difficulty encountered in^elating it to the 
measxire of ang'les. We certainly want angle measure to be preserved 
also in our one-to-one correspondence. We can take care of this 
with an appropriate postulate, but the treatment is somjewhat 
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art if leal .-^ Then too, we constantly run into proofs of the type 
given above, requiring us to set up coordinate, systems on a line. 

To avoid these complications we modify our approach and do 
not tivy to give a general definition of congruence that holds for 
all figvires. Instead we define the notion in a series of 'steps, 
as follows. 

Def initions > Two line segments are said to be congruent if 
they have the same length. Two angles are^said to be congruent 
if they have the same measure. 

e 

Two triangles aije said to be congruent if there is a one-to-< 
one correspondence between their vertices such that corresponding 
* sides have the same length and corresponding angles have the same 
measure. ^ In this case the correspondence is called a conginience 
The big difference between this last def irjition and the .on.e 
g^ven in Section 2 is that this one is stated in terms of only a 
finite number of ^points, ^he six vertices of the triangles, where- 
as the other involved all the points. of the two figures. This 
oiie is therefore easier to apply. Its application is all we 



ordinarily need in develcrping Euclidean geometry. 



•4. Tfte Congruence Postulate . Having now found, in the 
concept of "congruence," a way to avoid talking about "motion" 
we must introduce some of the intuitive properties of rigj^d 
motion as postulates concerning congruence. It turns out that 
only one postulate is needed. There are several choices for this. 
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but a* simple and intuitive one to choose is the side-angle-side 
statement itself: • / 

* * ' * • 

Postulate 15. If there is a one-to-one correspondence be- 

tween the vertices of two triangles ^uch that two sides and the 

included angle of one .triangle^ are congruent to the corresponding 

parts of the other then the correspondence is a congruence • . 

If one needs a Justification for introducing a postulate the 
familiar "proof" of EiJclid is an» intuitive argument that this ^ 
statenient agrees with our conception of geometry as an idealization 
of the physical world. 

Let us now look at the proofs of a few basic theorems. • 

, Theorem 7*1 * If* two sides of a triangle are congruent the 

angles opposite these are congruent. ^ ' * 

» * 

First proof ; In A ABC let AC = BC.^ Let CP, the bisector 
of ACB, intersect AB in IJ. In the correspondence. ACD— >BCD 
we have AC = BC, CD = CD, m(/ ACD) = m(/BCD). Hence by the • 



postulate A ACD = A BCD and m(/ DAC) = i^im^hk.^^'^ 

This is the proof given in' most high school geometries. It 

makes use of two fairly complicated earlier theorems; namely, the 

existence of aji angle bisector and the fact that ray -XJP inter- 
ui 

sedts segment AB. (Theorems 6.12 and 6.3.) 

Second proof : In A ABC let AC = BC. In the correspondence 
ABC -^BAC we have AB =: BA, AtT = BC, m(/ ACB^* = m(/ BCA).' 
Hence the correspondence is a congruence, and m(2^ BAC) = m(/ ABC). 
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In the second proof we make use of a non-4;rivial congruence 
of the figure with itself. 

la physical terms' the first proof can be said to fold the 
triangle so as to make the .two halves coincide. The second proof 
turns the whole triangle over. Proofs of this kind are frequently 
applicable when the figure has an axis of* symmetry* 

Theorem 7>2 . Through a point P not on a line m there 
passes a line perpendicular to m. 

Proof: liet A and B be any two different points of m. 
m >and p determine a plane, which is separated into two half- 
plsmes by m. in the half -plane not containing P take SO 
that m(/BAR) = m(/BAP). On AR take point Q so that 
AQ = AP* Since Q and P are on opposite sides of m, PQ 
intersects m in a point 

Ca;ap 1. P = A^ By the definition of perpendi'cularity , PQ 
is perpendicular to m. 

Case 2. T> ^ ky, D on ray AB. Show that the correspondency 
P|ID f->QAD is ia congruence and that this proves the theorem. 

oCase 3* D ^ A, D on ray opposite to AB. *?roof left to 
* reader. *^ - ■ ^ 

Ttils proof, though long, aVoids th6 difficulty in Euclid's 
proof of having to assume something about the intersection of a 
line and a circle. ^ ! 
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Theorem. J.^ . If two triangles are in one-to-one correspondence 
^Buch that two angles and the included side of one are congruent to 
the corresponding parts of the other then the correspondence is a 
,congruence. . 

Proof : Let ABC XYZ sq that in(^ A) = ip(^ X) , 
m(^B) = m(/ Y),. AB = XY. t>n ray A? take a point D so that 
AD = XZ.. The correspondence ABD<— > XYZ is then a congruence, 
and ABD) « m{/^ XYZ) « in(^ ABC). It follows that iB « B^, 

andjience D = C. Therefore A ABC = A XYZ. (The reader is 
expected to fill In the details of this and similar proofs.) 

This type of proof might be called "proof by identification." 
, The essential feature is the construction of a figure which has ^ 

the desired property (A ABD in this case) followed, by the depon^ 
, stratlon that this figure is ildentical with the given one. For ^ 

another proof by identif icatimi consider the side-side-side theorem. 

' Thebrem 7.4 . If two triangles are in one-to-one correspondence 
such that the three sides of one are congruent to the corresponding 
sides of l^he other then the correspondence is, a congruence, 

- . Proof*: Let ABC XYZ. In the half -plane with ed"fee AC 
containing B take P such that CAP) « m(/ X), and on AP" 

take d" such that AD « XY. Then A ADC = A XYZ, and' CD«XY = CB. 
We wish to show that' D = B. Suppose that D / B, and let M be 
the mld-npoint of BD. Then A BMA = A mk. and so AM is perpen 
dlcular to BD* In exactly the same way we can show that CM is 
perpendicular to BD. This would mean that line contains M, 



^whicfcm^is impo^ible. (If M lies on AC then B ^ and D are on - 
opposite sides of AC, contrary toXconstructi'ori of D. ) Hence 
D a B and the theorem is proved. 

This proof ,has some features in common with Euclid's Proposi- 
^tlon 7, Book I. He proves D = B by a rather elaborate argument 
. with angles, - • , * 

It is interesting at this point to etnalyze the logical struc- 
ture of the pro9f of Theoremt?.^* ^It is surprisingly" complicated. 

(1) Construct A Abc^ with D and B on the same side of A^. 

(2) Direct proof that A ADC = A XYZ. 

(3) - Indirect proof* that ^ D = B.. 
\ . (a) Assume D^ B. 

, ' (b) Use of previous theorem to Justify e;xistence of 

mid-point M. ^ ^.^.^^^^ 

(c) Indirect proc^ that B^ and DMA are triangles. 

(i) Assutae ^A lies on l^ne* BMD'. 
(ii) Indirect proof that A .does not^ lie between 



B and D.^ 



(a) Assume A-^ is between B ^Md . J)v«. 



' (/?) BD intersects liAe AC ^in, A^. 
[y) Contradictj3 (1) ^ . ^ ' 

(iiii Direct- proof that D ="b. • % 

(iv). Contradicts {L) ' " f 

(d)' Direct proof th^.t^ A BMA =^A im. " ' ^ 
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(e) Direct proof thiat AM 'is perpendicular to BD. 
.(f) Proof ;bhat is-perpendicular to B?, by analogy 

with (c), (d), (e). ■ , . ' ' * 



(g) Direct proof that BD intersects AC. ^ 
(^) Contradicts (l) , ''^ ^ ' 

(4) Identity of A ABC .and A ADC. 
--•'(5) Theorem follows from (2). . . • 

Note that most of the complication comes in proving th6 • 
"obvious" step (c). jSlich complications are of course not to be 
emphasized in a high school* course. 



' ^ Exercises 

* 1. Prove Theorem 7.1 by^^-Euclid' s - 
method, illustrated in the adjacent fi^re. 

2. Carry out Euclid's proof oS his 
Proposition 7, Book I, in the framework 
of our Bel5 of postulates. - 




5. Further Theorems . With the three basic congruence 
'theorems proved we can* move along the regular sequence of theorems, 
with only occasi<j)nal modifications needed Jo insure^ogical rigor. 
i3^7e^shall list th6 more important theorems^ leaving most of the 
proofs to the reader. 

Thebrem 7.5 ? If two angles of a tfriangle are congruent the 
sides opposite them are congruent anc^^the triangle is isosceles. 

Theorem 7.6? In a given plane p, the set of points equi- 
distant from two given points A and B Is the line perpendicular 
to AB at its mid-point. 
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Theorem 7*7 » If a ^ine % is perpendicular to each of two 
distinct lines m ^nd n at their point of intersection W, then 
it is perpendicular to every line containing W and^Qafil^rmi' with 
in and -n. ' ^ 



Proof : Let be the plane containing ' m and n, ' an^l let 
r be any line in p and containing* W, We^is^ to prove that, r^ 
is perpendicular to If r = or r = n this follows by 

assumption, so we have only tq consider the case in which j?, m, 
and n are all different. Let h be one of the half-planes with 
edge rt, let WP and WQ be the rays of r and n whicfi lie in 
h, and let S be any point- of m 'distinct from W. By Theorem 
6.2, eithe\;^^ is .in the interior of / SWB or P is in the 
interior of /^^SWqT^^ the former, then by Theorem 6.3 WQ inter?- 
' - sects PS; if the latter, th^n WP intersects QS. In either 
case we obtal^n a line not containing W and intersecting m, n, 
and r. • The standard proof ot this theorem can now be c^irried out. 

Theorem 7>8 . ^ All the lines perpendicular to a given line at 
a given point lie in one* plane, • ^ 

» 

Proof : Let % ^ line and W a point of %. Let Q be 
a point not bn * % (Postulate 1), u^ the plane containing Q and 
% (Theorem 3.3), and m the line in u perpendicular^tp % at ' 
"W (Theorem 6.10). Let R be a point not in u, v the plane 
containiilg:^ R and %^ and n the iine in v perpendicular to 
~"^'at W. - If fn = n then u and v each contain" the intersect- 
ing lines t and m, and so coincide (Theorenf 3.4). This is 

s 
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impossible since v contains R ^ and' u does not.. Hence m ^ n. 
Let p be the plane containing m and' n. 

^We wish- to show that if k is any line perpendicular to % 
at W tl>en k lies in p.' If k is such a line letf t be the * 
plane containing % and k. If t, = p lines m, and n would 
be copianer, which^is impossible by Theorem 6. 10. Hence t and p 
are distinct planes which intersect at W, and so by Postulate 5 
".they have a line k» in common. By Theorem 7.7^ k' is perpeh- 
dicular to % at W, and so by Theorem 6.10 k' = k. Thus k 
lies in p. - ' * 

Note that the basic ic^ea ,of . this proof is very simple. The'' 
length^ the proof is due to all the llt'tle details that must be 
filled in to make a logical sequence of steps* In most proofs we 
omit these details. Just as we omit continual references to the 
associative, commutative, and distriljutive laws when doing algebra. 
We should be aware of their existence, however, and be able to fill 

\ V 

them in if required. 

Definition . The plane which contains all lines perpendicular 
to a giyen line at a' given point of the line is said to b% perpen- 
dicular to the line at. the point. 

Theorem 7^. 9 -* The set of points equidistant from two giVen 

t 

points A and B la the plane perpendicular to AB at its mid- 

\ ^ • 
point, ^ ^ ' ^ ^ 

/ ^ - ' ^ 

The next group of theorems deals with inequalities between 

.^measures of angles and of distances. It will be convenient to 
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shorten our terminology ^ind say "angle A is greater thaii..,angle B 

or , is greater than CD" instead of "the measure of angle 

is greater than ther, measure of angle B" or "the length of AB is 

^ 

greatfer than the length of CD." 

Theorem 7,11 ^ %fi exterior angle of a triangle is greater 
thap either of the non^-adjacent interior angles. . 

Proof : Given A ABC, let BD be the ray opposite to BA. 
Let E be the inld-point of BC. On ray EF opposite to EA take 
F such that EP = EA. By Theorem 6.7 m(/_ BEA^ » m(^ CEF). It 
follows from Postulate 15 that A BEF ^ A CEA, . and so 
x^{l_ C) =t m(EBF). Now from Theorem 5.3 it follows that F is in 
the interior of /_ DBC. (This was the reason for proving Theorem 
5.3.) Hence from Postulate 13 - * . 

.m(^ DBC) = m(^ DBF) + m(^ FBC) 

^ v^{i DBF) + m(/ C) 
; \ >m(Zc). ' ' ^ 

Similarly one can prove m(/^ DBC) < m(^ A), and the theorem is 
established. 

Theorem 7*12 . If two sideB of a triangle are not congruent 
the angles opposite them are not congruent, and the greater side 
is opposite the greater angle. ^ 

Theorem 7.13 ? If two^arigles of triarlgle are not congruent 
the sides opposite thehi M»e not congruent, and the greater angle 
is opposite the greater side. 
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^ Theorem 7«l4 > The sum of the measures of any two sides of a 
triangle is greater than the measu^ of the third side. 

Theorem 7.15 * Through a given point not on a given line there 
passes only one line, and only one plane, perpendiqalar \o the 
given line. 

Theorem 7.16 . If P is a poifit not on a line X and A 
and B two different points of / such that line AP is perpen- 
dicular to X, then AP is less than BP. . 
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^ Chapter 8 

f 

Parallelism 
1* 'Existence Theorems ♦ 

De.f Inltlon , Two coplanar non-intersecting lines are said to^ 
be parallel, ^ ^ * 

Indicate that lines m and n are parallel by writing- ^ 
m II n, ^ 

Throughout this ch^^er we shall consider only points and 
lines lying in one given plane. This will simplify our language 
while still enablirife us to discuss the basj^c ideas, Exte;isions 
of these ideas to parallelism, of lines^ and jpiai^es in space can be 
done in the conventional way. 

With our present set of postulates we can easily prove^^e 
existence of parallelsr It is convenient to give a feW more 
definitions.. ^ ^ ^ ' , 

Definition , A line ^ is a transversal to twoi lines m 
and n if it intersects them in two distinct points, ^ 

Definition, Let a transversal intersect line m in 



point P and line n in point Q. Let A be a point on m 
and B a point on n ^ so^'that A and B are on oppo§*ite sides 
of ^ • Then / APQ and / BQP are alternate interior angles , . 
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We can now state the basic theorem as follows. ' 

Theorem 8.1 . If two lines are intersected a transversal 
SO that a pair of alternate interior angles .are congruent, then 
the two lines are parallel. — 

Proof ; Let ^ , m, n, P, "Q; A,*^ B be as in the defini- 
tion of alternate interior angles and let / APQ = / BQP. Ass\ame • 
that m and n are not parallel , Then they intersect in some 

point Since A and .B are on .opposite sides of ^ , either 

S x> ^ ' ' ' 

A ^ or B is on the same side of ^ as R'. Suppose that 'R and 

""X are on the same sida of ^ . In the ^^angle PQR, ^ 

l_^K2<^ ^ /vRPQ' is an angle of the triangle and ^ ^? ^ 

opposite e^erior angle. Hence by Theorem 7.11> m/ BPQ > m/ APQ. 

But this^ontradicts the hypothesis that / BPQ = / APQ. Hence 

. m and n cannot intersect on the same side of as kci 

exactly similar argument shows that they cannot intersect on the f 

^ame sWe of ^ as B. Hence they 'cannot intersect a^^ all,, and 
so they are parallel. ^ ^ ^ 

^^^/^c 4 . . . \. - ' ^ " ' 

. Corollary 8,1 . -Two ^perpendiculars to^ the same line are 

p^l-lel. . ^ l*"^* ' . ^ 

CorolXary 8/^ .^ .Through a given external point there is at 
least one line pa^^^l to a giveini line', - / 

Exerc ises 
Vi : . ^ . 



V 1. Define alternate exter^r' angles, and f^orrespiCf^idin^ 
^ angles (sometimes called exterior-interior angles). State and 

<^ ' • * . "'fill/ 
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prove theorems analogous to Theorem 8,1 for alternate exterior 
angles gind for corresponding angles. 

2. Prove Corollary 8,1 independently of Theorem 8,1 ^d 
without using Theorem 7*11* [First prove that only one perpen- 
dicular can be drawn to a line from cin external point,] 

2. The Parallel Postulate , Corollary 8,2 guarantees the 
existance of at least one parallel to a line through an external 
point. The question then arises: "Can there be more than^one 
such parallel?" Our intuition say "No", so we try to prove this 
on the basis of our postulates. Unfortunately this cannot be done 
(this point will be discussed later) so if we wish to have our 
geometry match our intuition we' must introduce a new postulate. 
This we now do. * ^ 

Postulate Through a "given external point tKere. is at 

most one line parallel to a given line, 

A va*st array, or familiar theorems follows from th^s postulate 
■We can mention only a few of the most important and interesting 
ones here. 

TheoreiA 8.2. (Converse of Theoretn 8.1.) If two parallel 
lines ^re intej?sected ,by a tran^eversal any pair of alternate 
interior angles are congruent. 

Theorem 8.3 . The sum of the measures of the angles of a- 
triajigle is l8o\. 
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Definitions > Parallelogr^ s, trapezoid ^ etc. 

Theorem 8>4 > .Either diagonal ofea parallel^^gram separates 
t Into two cc/ngruent triangles. ^ ^ 

Theorem 8.5 > If a pair of oiiposlte sldeg Q,f a quadrilateral 
are congruent and parallel then the other pair of opposite sides 
are congruent and parallel;/ ' 

Theorem 8.6 . The diagonals of a paralljslogram bisect each 

* » 

other* . ^ 

The difficult papt of the proof of this theorem lies In v 
'prqvlng that the diagonals Intersect. This can be shown by making- 
u^ of Theorem 6.3. * 

Theorem 8.7 . Xhe segment whose end-points are the mld-polnts 
/of two sides of a trlanglp Is parallel to the third side and half 
,as long. ' 

^ Theorem 8.8^ The medians of a triangle are concurrent. ' 

Theorem 8,9 . If a set of parallel lines Injierpept congruent 
^ segments on one tj?ansvSn9ral,'^ then they Intercept congruent segments 
,on any transversal . * " ^ 



3- [ Trie Role of the Parallel Postulate . Since intuition Is 
notoriously unreliable one may well question the adylsablll^y 'of 
±ntroducl"ng ^he Parallel Postul^l^e. Why not Jtis^ go ahead as we 
have beeifi doing on the basis of our fifteen postulates, proving 
theorems without* making any general stipulation about the dumber 
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of parallels through an external point? Of course we can try this, 
but if we do we find that the properties of parallels are ,so 
important ^that theorems group themselves more or less automatically 
into three categories 

. Type 1. Theorems independent of the number of parallels 
through an external point; * 

Type 2. Theorems whose, proof requires that there be only 
one parallel through an external point; 

Type 3. Theorems whose proof nequfres that there be more 
t^ian one parallel through an, e:^cternal point. \ 

A . • 

* The collection of theorems of Type 1 is s'om^imes called 
Neutral Geometry. It includes all the theorems w^^proyed before 
introducing the Parallel Postulate, as well as many others, of 
course. On the who\e, however, the numbe* of interesting theorems 
of Tjrpe 1 is small compared with the n\amber of either of the other 



types. 



\\ 



The theorems of Types 1 and 2, taken together, constiljute 
Euclidean Geometry. 

^ The theorems of Types 1 and 3 constitute Lobaclnevskian 
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jobachevski 



dently developed this geometry. The other two, K. Gauss and \ 
J. Boly^i, did equally good work but were slow in publishing ' 
their results and consequently attracted less attention. 
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geomerbry. To develops this geometry we would replace Postulate l6 
by ^ . - 

Postulate 16'', Through a given external point there are ^t 
least two distinct lines, parallel to a givefn line. 

Lobachev.skian geometry naturally has radical differences from 
Euclidean geometry. Here, for example, are two striking theorems 
and a definition in Lobachev^kian geometry* 

TSieorem* * The sum* of the measures of the angles of a triangle 
is less than 18O, 

Definition. The deficiency of a "triangle is the difference 
between the s\ain of the measures of the angles of the triangle and 
180. 

Theorem .. The areas of triangles are proportional to their 
deficiencies., ' ' ♦ 

There is nothing in Euclidean geometry analogous to this 
last theorem. - ^ ^ ^ 

EXergise 

Prove that in Lobachevskian geometry t^ere is an infinite ^ 
number-of parallels to a given line through sxi external point. 

In section 2 we remarked on the possibility of proving 
Postulate 16 from the earlier postulates. If this could be done 
then Lobachevskian geometry, since it involves the negation of 

ERIC 
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Postulate 16, would' be inconsistent*. Similarly If we could prove 
Postulate 16' from the earlier ones then Euclidean geometry would 
be inconsistent. Probably nobody ever suspected the latter to be' 
the case, but there vfere many doubts about the consistency of any 
other kind of .geometry ^In^lly, in 1866, it was proved that 
Lobachevskian and Euclidean geometries were, equally consistent; 
any contradiction in one would necessarily imply a contradiction 
in the other. 

Why, then, do we commonly study Euclidean geometry to the 
neglect oflLobachevskian? Partly because of tradition, but 
primarily because Euclidean geometry is simpler, richer in theorems, 
and more easily adaptable to the representation of physical 
^hel^omena . 

Loba^^vsklan geometry can suitably be called non-Euclidean 
geoii^etry. However,, this last term embraces still another type of 
Igeomel^ry, Riejnannian Geometry, which differs still more radically 
from Euclidean.' In addition to dropping Postulate 16 we throw out 
the Separation Postulates and radically change the Ruler Postulate. 
Th^ end result is that we lose many of those theorems* of n^tral 

^ . V ' ' 

iy geometry that depend, on aeDaa^^t^Ldn properties; in particular we 
lose Theorem "^11 and we can no longer prove the existence theorem 
. Corollary^ 8.2. >i It, is thus possible to introduce ... 

Postulate" 16" . There .are no parall^ lines. ^ 
This leads to Riemannian geometry. 

Actually, the loss of the , separation properties and the 
ruler postulate are not as serious as might be imagined, and 
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Rlemannian geometry bears close resemblances to Lobachevskian. 
Thus the two theorems and the definition given* abpve^can bd 
translated into Rie^jiannian geometry by merely replacing "less" 
by "greater" and "deficiency" by "excess"* 



I ' t 




Chapter 9 



. ■ \ ■ 

!• \ Informal Properties of Area , At an early age we all 
becajne familiar with pertain properties of figures that Involve a 
concept of "area". We easily accept that a 4". x 6" rectangle of 
paper contains Vore paper" than a 2" x 3" rectangle, ft, takes 
a little experience to teach us that the^former rectangle contains 
four times as much paper as the latter. Still more experience. 
Involving further cutting of the S^er, Is needed to sh<^ that the 
*" X 6" rectangle contains Just as much paper as* a 3" x 8" one, 
or as a al^" l>y. 9" one. * . 

The concept of the "area" of a "plane region" Is an abstrac- « 

tlon of this paper cutting process. Instead of actua'lly cutting 

paper we make geometric dissections of the regions and use our 

knowledge of geometry ^ make the comparisons. This was Euclid «s 

approach, and he regards' It as so natural that he never makes any 

coimnent on thfe notion of area. In a modern treatment we must of 

course either define "area" or Introduce It as an undefined term 

and specify some postulates concerning , it. A. definition of -ar^ea, 

;ln terms of the concepts we have already introauced turns out to be 
i 

possible, but it is a very long process, involving ideas and 
methods entirely out of keeping with elementary mathematics. We 
shall adopt ^the second approach, essentially introducing area as 
an undefined tenn and postulating enough simple properties to 



enable us to develop a suitable the<jry. This, after all, was the- 
wky we introduced the concepts of distance and congruence. 

' In 'another respect our treatment of area will dift^r from 
/'^Euclidts. Since his matheinatics had no, well-developed number 
/ system to use he was forced to word his theorems in terms of 
comparison of areas* Wfe, on the other hand,S5an use the same 
scheme we adopted in handling distances - we can choose a-^^'unit of 

area" and express all areas as real number multiples of this un±t. ^ 

Thus for us "area" is a real'number attached to a "plan^ region" 
and satisfying certain well-chosen properties. 




* 

2. The Area Postulates ; In the above discussion the term 

"plane region" was deliberately left vague. It turns out that a 

general definition of *this term is, like a definition of "area", _ 

a matter for advanced mathematics. We shall therefore nmit/our 

discussion here to a specia^lrtype of region defined as f 6^:i^i|s>^,^ \ 

V \ " 

Definitions . A triangular region is the union of a triangle 
and its interior. Two triangular regions are said to be non- 
over lapping if their intersection is either the empty set, a point, . 
or a segment. 

Definitions . A polygonal region is the union of a finite 
number of coplanar, non-overlapping triangular regions. Two 
polygonal regions are said to be non-overlapping if their inter- 
section is either ^pty or consists of a finite number of points or 
lines or both. . . - 

For the rest of' thlg chapter the word "region" shall always 
^signify "polygonal region". Also, we shall f requentlj||^i)eak of 
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j'^the area of a triangle" oi\*-"the area of a rectangle", meaning 
^^here^y the areas of the regions consisting of these figures and 
jthelr interiors.. .We shall designate the area of a region R 
jsimply by, "area R". y o 

Postulate .With every polygonal region there is associated 
a unique positive realjjpmber, called the ^ea of the region. 

In Section 1 we talked about comparing areas of regions by 
cutting up the regions and comparing the pieces (presumably by 
moving them to see if they could be made to coincide). This 
"moving around*" implies that area must not change under rigid 
motion, and hence motivates the next postulate. 

Postulate 18. If two triangles are congruent the triangular 
regions have the same area. ' , . , 

JEhe cutting up process of determining area also implies the 
follpwlng property. - ' , , 

, Postulate 1^^ Jf^a- region' R ±s the union of two non- 
overlapping regions S and T then 

% area R = area S + area T. 

These three postulates would enable us to develop a theory 
of area, but they suffer from one defect - they establish no 
connection ^between the unit of area and the unit of distance. It 
is highly convenient to have such a. connection, and this can be 
established by taking th^ area of some conveniently sized and 
shaped region as a unit. It is customary to take as this region 
a square whose edge has unlt^ length, and this we shall 3o. . ^ 
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If^weslmply^ postulate this much, however, we still find itB 
a difficult task to' prove, for all cases,, the basic formulas fc^' 
the^areas of plane figures in t^rms of measurements o^ distance. 
j(o see the reason for thl^si^ consider some' rectangular regions. A^.^ 
2x3 region is tha union of six non-overlapping ihilt squares and 
so h9.s area 6, A 2 x S.l6 region is the union of 63,200 non- 
^ overlapping squares of side .01; since"^e unit square is the 
union of 10,000 such squares each of the small squares has area 
•.0001, and the 2 x 3.l6 rectangle has an area of 6.32. However 
this methpd breaks down for a 2 x >/lO rectangle since< is 
an irrational number. This is tl:^ so-called "incommensurable case" 
that has caused so much trouble in past treatments of elementary 
- geometry. We choose to avoid this trouble by making a stronger 
*^ statement for our fourth and final area postulate • 

^ ' Definition . By Theorem 8.4 a diagonal of a rectangle separates 
it into two triangles. The co^rresponding triangular regions are 
non-over Dsapping and their union is called \ rectangular region. 

Postulate 20. The area of a rectangular region is the product 
or the lengths of two adjacent sides. 

Exercises > 

1. PiidVe that two triangular regions are non-overlapping if 



and only if the interiors of ^ the two triangles do not intersect. 

2, Show that to each rectangle there corresponds a unique . 
rectangular region by proving the folloVfing: 

"If ABCD is a rectangle then the union -of- the two triangi^ar 
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. r6gions ABC and- ADC is the skme the union of the two tri- ' 
angular regions ABD and CBD, 

No'te: To show that two point sets are equal we must show that* 
. any point lying in either one of them lies in the other. Thus the 
'required proo? will consist in showing that ^Xk^ 

(i) If P is in either of the regions ABC op ADC then 
P' is in at least one of ABD or CBD; 

(ii) If P Is in either of ABD, or CBD then P is in at 
least one of ABC or ADC. * 



3. Areas of Polygonal Regions . \ ^ 

V 

' Definitions . Any side of a triangle or a.parallogram, or 
either of^the two parallel sides of a trapezoid, may called a - 
base^of the figure.' An altitude corresp):>^iding to a given base is 
the segment perpendicular to the base from a vertex not lying orT^ 
the base. The legs of a right triangle are the two sides adjacent 
to the right '^ngle; ±he hypotenuse is the remaining^ side. 

In the following theorems we shall be concerned with relations 
between areas and lengths of bases, altitudes, etc. It is custom- 
ary tov abbreviate the phrase "length of to simply 

This double use of a word su6h as "leg" to mean both a segme^ij;--and. 
the length of tfet segment could cause confusion but rarely does, 
since the proper meaning is always evident! from the context. 

Theorem £J. . The area of d right trianglHl is half the 
product of its legs.;-^ ' 7 , 
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Proof: Let ABC be a right triangle 'with right angle at C. 
Let L be the line through A parallel to BC and M the line 
througjl B parallel to AC. nLI AC and M>!! AC so L and M 
caxinot be parallel, and tl^ey therefore intersect in a point D. 
ACBD Ip-a ractangle (opposite sides are parallel and / C is a 
right angle) and ABC is one of^ the two triangular regions whose 
union is the rectangular region. Theorem 8.4 and "Postulates l8, 
19 and 20, 

' area A ABC = i area ACBD = • BC. 

^ Theorem 9.2. The a)ea of a trial)gle is "half the product of , 
any ""side and the corresponding altitude. 

^ Sketch of proof ; In A ABC, if h is the altitude upon 
Side AB, then either^ * - • 

(1) A ABC is a right triangle with legs h. and AB; or 

(2) Region ABC is the non-overlapping union of two right 
triangles with a common leg h and with the sum of the other two 
legs equalling AB; or • 

(3) " Union of region ABC and a -suitable right triangle with 
leg h is another right triangle with leg h, the difference of 
the other legs of these two right triangles being , AB. 

In the last two cases the theorem follows from Theorem 9-1 
and* Postulate 19. " * ' ^ 

Definitions . Area of a parallelogram; of a trapexoid. 



Theorem £^3,^ The area of a parallelogram Is the produ/5t of a 
base and the corresponding altitude » 



\ 



Theorem 9 A . Area of a trapezoid. 



The following corollary of Theorem 9.2 will be useful later. 

.Corollary 9>1 . (a) If two triangles have equal altitudes the 
ratio of *heir areas equals the ratio of their bases. 

^ ' {h) If two triarjgles have ecjual bases the 

ratio of their areas equals the ratio of their altitudes. 



^. Two Basic Theorems . The more elaborate aspects of 
Euclidean' geometry rest upon two theorems which involve- the 
conneclj'ion of distance with perpendiculars and with parallels, 
respectively. The first of these is the most Important theorem 
(if such a term can be s^pfiled to a single piece of a deductive 
theory) in all geometry, t)^e Pythagorean Theorem. ^ The second is 
the basis of the th^>r^of similar figures! Together they' form 
^he foundations of co^rdina;te geometry, whioh in turn serves as 
the start of much modern matheraaticsv 

'^Throe^two theorems follow from our theory of area, and indeed 
this was essentially the way Euclid proved them. 

Theorem 9.5 . * In any right triangle th^" square of the 
l^otenuse is equal to the sum of the squares of the legs. 

Sketch of proof:* LeJ T .be a right triangle with legs a, b 
and hypotenuse c. Let ABCD -be a square of side a + b, and 
let W, X, y, Z be points on the square such that » . ' ^ 



^66 



AW = BX = CY a DC =3 a, WB = XC = YD =. 2a = b. 

Then each of th^ trianglea AWZ, BXW^ CYX, DZY. is congruent to T, , 
and it follows that WXYZ is a squa/'e of. side c. Since t^ large 
square is the non-overlapping union of the small square and. the^ 
four triangles we have^ » 

' , ' , ' (a + b)2 = c2 +-4(Jab), 

txaai which follows , • 

a + b = c . 

• » » 

The missing part of this proof consists in showing that the 
^ large region is the union of the five smaller ones. Actually the' 
situation is even worse, since a square region is cleflned in terms 
of 6^0 triangular ones. We really have to prove the following: 

Given the 6ight points A, B,'C, D, W, X, Y, Z as described 
above, consider the two sets of triangles 

(I) AWZ, BXW, CYX, DZY, WXZ, ^ YXZ; 
(II) ABC, ADC. ' ■ 

(a) ^Prove that- a point .in the interior of ^ny triangle of 
(l) is not in the interior of any other- triangle of (l), [This 
^proves the non-overlapping of the regions.] ^ . 

(bO Prove that « ^ ^ ^ 

(±) -Jf a point is in any triangular region of (l) then 
it is in one of the triangular regions of (ll); and conversely 
(ii) If a point is in either of the triangular regions" of 

(II) then it is in one\of the triangular regions of (1). 
[Thia proves that ^ti^^ two unions are ^the saiJ^] 

o ' ■ ' \ 
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TC^ese proofs simply involve an enormous amount of fjissing 
around with the separation properties of^Chapters, 5 sfntf 6. This 
is the sort of proof which one dismisses with the comment, "The 
method is obvious and the details are boring." 

'There are manyother similar proofs pf the Pythagorean Theorem, 
but they all have roughly the same characteristics, ^ A different 
type of proof will be given later. ^ 

J Theorem 9>6 , If two transversals divide tjhe sides of an angle 
proportionately Uien the transversals are parallel. More specifi- 
cally, if B and D are distinct points on one side of / A, 
and C and E points on the other side,^ such that AB/AD = AC/AE, 
then BOll DE. 

Proof: Since B and D are distinct either AB/AD < 1 or 
AB/AD > 1. We shall treat the first case; the other can be > 
handled similarly by merely interchanging the roles of B and 
C, and D and E. first, shovJ/ that DE does not intersect 
BC. For since AB < AD, A - and D are on opposite sides €i BC, . 
and similarly A and E are on opposite sides of BC. , Hence D 
^and E are on the same side of BP. 

'We next apply Corollary 9.1 (a), to get 

area BEA _ AB area DCA _ A£ 

area DEA AD^ area DEA " AE* g ^ 

Since we are given that *AB/AD = AC/AE we thereby obtain . 

^ ./ 

area BEA = area DCA. 
Since E and A ar^^'on opposite sides of BC the interiors of 
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.A ABC and A SBC cannot intersect, and so region BEA Is the 

t 

non-overlapping union of ABQ and EBC. Similarly DCA is the 
non-overlapping union of ABC and DBC. Hence by Postulate 19 
*the above equation becomes 

•area ABC + area EBC; =s area ABC + area DBC, 
from which follows 

area EBC = area DBC. 

Now A EBC and A DBC have the same base BC, and so by Corollary 

9,J (b) they have equal altitudes. That is, if P and G are the 

feet pf perpendiculars from D and E 'onto BC, then DP « fiG. 

— <— > 
Since, as was s^own above, DE d'dfes not intersect BC, and 

hence does not intersect PG^ DEGP is a quadrilateral. DP and ' 

^ % ^ ^ * <— > 

'eg are congruent and parallel, "an6 so by Theorem ^.5, and 

<— > 

GP are parallel, which proves the theorem. 

The converse of this theorem, wTiich Is equally important in 
applications, can be given an independent proof essentially by 
reversing the steps in the above argument. There are a few added • 
difficulties, however, (for instance, if we are given that B is 
between A and D and that BC M I>E, we must prove that C is 
t^etween A and E, for which see Theorem 6.4a) and so it is^ 
easier to uae Theorem 9^6 to prove its converse. 

Theorem p»7 .' Parallel transversals divide the sides of an 
arigle proportionately. More specifically, if B and p are 
distinct points on one side of / A, and C and D points on 
the other side,, such that BC || DE, then AB/AD = AC/AE. 
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Proof: On AD take . B» so that (Theorem 4.6) 

^ ABt = Ad||. 

^ ♦ < — > <-> 

Then*- ABVAD rt AC/AE, , and by Theorem 9.6, B«C | | DE, But by the 

Parallel Postulate there is only one line throjugh C parallel to 

DB, and so* B* must lie on BC, Hence B« = B, the interseT^tion 

"bf BC and AD, and this proves the theorem. 

Pro^'Theorems 9.6 and 9.7 there follows the standard^ 
tJSvelopment of the theory of similar triangles. One can al-so give 
a proof of the Pythagorean* Theorem not involving the annoying 
manipulations of areas discussed above, as follows: 

Let A ABC have a right angle at A ^ If D is the foot of 
the perpendicular from A to BC then D -lies between B and C. 
(Proof r) Let X be the point on Bk^ ^\s \ \ ^ lat BX = BD, and let 
the perpendicular to AB at X intersect BC in Y. (Why must 
this perpendicular^ inter se^ct BC?) ^en A XBY = A DBA, and so 
BY =. BA. Also, XY Tl^AC (Corollary 8.1), and by Theorem 9.7 



^ BX/BA = BY/6C. * This gives 'BD/BA =t BA/BC, or 



Similarly we can prove 



BA^ = BC . BD. 



CA^ =t CB • CD. 



Adding these two equations gives 



BA^ + CA^ = BC(BD + CD) = BC^. 
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,5. Alternate Proof of the Basic Theorems . In Chapter 2 we 
remarked that the basic theorem on proportioriality can be proved 
Independently of the area postulates, but that such a proof neces- 
sarily involves rather sophisticated manipulations of real numbers. 
For -comparison with the fairly simple proof of Theorem 9.^ given 
above we present here the alternate proof. 

Since the Theorem of Pythagorous follows from Theorem 9.7 we 
can thu^ obtain both theorems without using the ar^ea postulates. 

Theorem 9>6 . If B and D are distinct points on one side 
of / A, and C arid E points on the other side, such that 
AB/AD =« AC/AE, . then BC | 1 DE. 

Proof: As in the previous proof we shall consider the case 

in which AB/AD < 1. Let ^ be the line through B parallel to * 

> * * — - 

DE. By Theorem 5.4 applied to A ADE, J. intersects either . AE 

<— > — 

or DE- (or both). *Being parallel to DE it cannot intersect DE, 



elng 5 
gjl AE 



and so J' intersectgj^ AE in a point P. 

If F = C then BC | | DE and the theorem is proved. So 
suppose P C; then AP ^ AC. Since we are given that . 



AB AC 
5d " AE^ 



we must have 



■ ' AB ^ AP ^' 

AD ^ AE\ 



Now one of the properties of the real number system is that between 
any two distinct numbers there is a rational number (a proof of 
this is given below). 'Hence there are positive integers' m and 



n such that either 
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(*) 



AB ^ m 



AP 



AT) < n < A E 



or 



AB . m ^ AF 
AD > n > AE' 




(The figure isj drawn for the latter case.) On AB ,take points 



Pq^^ • • • 



n-l 



such that. 



AP^ =.^D, AP2 = ^, ^.^^1 



APj 



n-l 



AD, 



Let the line through , P^ parallel to . DE intersect AE in 
(Theorem 5.^). Since ' AP^ = P-^Pg = P2P3 = ... = ^n-1^ 
from Theorem 8.9 that AQ^ = Q^Q^ = Q2Q3 Qn^i^* 

Now AB/AD and#AF/AE are each less than 1, and so from 
(*), irT < n» Thus and . Q^^ are two of our points constructed 

above. Hence • ^ ' 



AP = mAP, 
m J 



m 



/ 



AQ^ = niAQ, . SaE 
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Prom these and (*) we get either 

- AP^.> AB and AQ^ <_AP, 
or I 

APj^ < AB and AQj^ >-AF. 

In either case it follows'^f rom Theorem 6.4a tha*|; PP and P^^^ 
intersect. This contradicts the assumption that DF. and 
are both parallel to CE,^ and so we cannot have F ^ B. This 
proves the theorem. ^ ^ ^ 

To complete our analysis of this theorem we must still prove - 
the propertjj/of real numbers that gave^ vJs the c*ritical inequality ^ 

The proof, which is of the type considered in Chapter 4, will 

i 

be broken into a series of three steps. 

Lenima 1/ Given any real number z, there is an integer 
such that N > z. - \ 

, Proof:* If the theorem is not true, then z is. an upper / 
bound of th^ set of inte'gers. By the Completeness Axiom, there 
is then a'ljeast upper bound, that is, a number w such that ^ 
(i) n ^ w for every integer n5 
(ii) If n V for every integer n, then w ^ v. 

It follows from (ii) that if v < w,, then^^r some integer 
we must have n^ > v. (This statement ia Just the contraposi- 
tive of - (ii).) Now take v = w - 1.^ Therf we? haV6 n^ > w - 1, or 
n, + 1 > w. But then (i) does not hold for n = n. + 1, and so 
we arrlvgt sit a contradiction, thus proving tha lemma. 

Altl^Dugh we do not use it here, it is perhaps worth stating 
a .corollary to this lemma., knoVn as the Axiom of Archimedes. 
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Corollary t (Axiom of Archimedes)* If a and b are Bf6si- 
tlve real numbers there 'is an integer N such that Na >/o. 

y 

Lemma 2. Given any positive real number z, tl^re is an 
integer M ^^uch that M < 'z ^ M + 1» 

Proof: By Lemma 1 there is an integer X- '^uch that N > z. 
Hence there are at most N - 1 positive ijiiegers which are less 
than z» If there -are Jione^-tak6 ' M =r -^i — if-4;here^ar.e some take 
M to be the largest one. This choi^/ of M obviously has the 
required properties. 

The lemma is still true if /we do not restrlict z to be posi- 
tive, but we do not need this/more general -case. 

y > ' • / 

Lenrma 3,* If 0 < x/< y there is a rational number r =» M/N 
such th^t X < r < y. 

JPnoiDf-i^-J^-t- n^'-^r-^-^, ' by Lemma 1, and let M, by Lemma 2, 
be such that 

M < Ny ^ M + 1\ ' 
Prom the. left ipf^quality we get r < y. * The. right Inequality is 

Ny +1 ^ , 

and from /he choice of N we have ^ 

Ny -iNx > 1* 

' ) ■ . I . -. - ■ 

Htfhce / 

/ ' / \ 

' NX < Ny - 1 ^ (M + 1)^ 1 ,=. M, 

or X < H = r. Thus x < r < y, as was to be proved-, 

N 
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There is still another a'pproach to the basic proportionality 
theorem that avoids both the above difficulties and the use of the 
area postulates. This is to assume the statement of the theorem as 
a postulate. As was remarked in Chapter 2 the introductioi) of new 
postulates just to avoid difficult proofs is not to be encouraged." 
In this case, however, it turns out that by assuming as a postulate 
a statement' closely related to Theorems 9.6 and 9*7 (the side^angle- 
side ptroposition for similar triangles) we can dispense with both 
the Congruence Postulate and the Parallel Postulate, being able to 
prove them from the new Similarity Postulate. 

This^is the approach taken by G. D. Birkhoff (see Birkhoff and _ 
Beatley, Basic Geometry ) and by S. MacLane ( Metric Postulates, for 
Plane Geometry, American Mathematical Monthly, 66(1959)543-555)7 
It has the advantage of elegance, in replacing two Important 
postulates'" by one, but the pedagogic disadvantage of requiring the 
introduction of similarity before the simpler concepts of congruence 
and parallelism have become familiar. Also, it^ules out' the 
development of the non-BJclidean geometries. It is for these 
re^a6ons that we follow the more conventional program. 



Chapter' 10 ' 
Circles and Spheres 

. ■ • _ o 

1 . Basic Intersection Properties , 

(' ■ ^ 

DeFlnitions > Given a point Q and a posiHve number r, the 
sphere wit<h center Q and radius r is the set of all points 
whose distance from Q is r. If p is a plane containing Q, 
the circle in tj^ with center Q and radius r is the set of all 
points in p whose distance from <i is ^r. 

.The following theorem is ari^ immediate consequence of these . 
definitions. 

Theorem 10.lt The int^f^ection of a sphere with a plane 
containing its center is a circle with the same radius and center 
as the sphere. 

^^Such a circl^^J^^^aid to be a great circle of the sphere. 

We, now consider the possible intersection of a SRhere with 
ar'plan^ not containing its center, , - ^ * ' 

Theorem 10.2. Leit be a sphere with center Q and radius 

r, let ^p be a plane not cc^HtaTni-ng— let M be the foot of 

the perpendicular from Q to p, and let a = QM» Then 

(1) If a > t, p and S do not intersect, 

(2) If ^ a = r, the intersection of^ p and S con'^sts of 
the single point M. - . 

(3) If a < r, the intersection of p and S is a circle 
with center M'' and radius ^r^ ^ ^2 ^ 
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Proof: * If A is any* point of p then / AMQ is a right 
angle, and so 

V 2 P P 

If A is also to be a point of S,- then AQ « r. Sinc^e MQ « a, 
we get in this case ' , * 

(♦) / AM^^r^.a^. / ' 

/ 

, (1) This is impossible if a > r; since AM? cannot be 
negative, ^nce In this case there cannot be any such point as A; 
that is/ p and S do nat intersect, 

J2) If a 3 r, (♦) says that^ AM = 0. This is true only 
if A 3 M; X that is, M is'the^ only point common to p and S. 

(3) If a < ^s,^en a^ - is a positive nxiraber, -which 
has a positive square root b «v^a^ - r^, (♦) then says that 
AM 5« b; that is, A can be any point in p wholse distance from 
M is b. The set of such points is the circle in p with center 
M and radius b* ' • 

^' ^Note that Theorem 10,1 can be considered as a special case 
of Theorem 10.2 if we remove , the restriction that p not contain 
Q arid- allow a to be zero. / . 

s * 

Definition . A plane containing^4«e^--.xaie_poin^^ a "sphere 
is said to be -tangent to the sj?Kere-at that point. ^ 

Definition . The se^ent Joining the center of a sphere to anyy 
point of the sphere Is called the radius of the sphere to th%t point. 

^s in Chapter 9> this double use of the word "ra^dlus" to mean 

either a segment or the len)5th of that' segment seldom causes 
-confusion. ^ " 
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Theorem 10>3 > A plane tangent to a'sphere is perpendicular to 
the^ radius at the point of cpntact, and conversely a plane perpen- 
dicular to a' radius at its end-point on the sphere is tangent to 
the sphere at this point* ^ ' > 

r * * ^ 

Theorem 10 ♦^ t Let C ' be a circle'with center Q and radius 

r, X a line in the plane of C, M the foot of the perpendicular 

from Q to X, and a « QM, (We allow the possibility M«Q^ a » 0.) 
Then 

(1) SIf a > r, X^and C do not Intersect, 

(2) If a « r, X and C IrR^ersect in the single point • M* 

(3) If* a < r, the intersection of X and C consists of 



exactly two jpoint^i A-j^ and Ag such that MA-j^ » MAg 



2 - a2. 



Def ir>j).tion . Line tangent to a^^ circle 



ion 

'"^^ Theorem 10. 5^ Analogous to Theorem 10. 3. 

Definitions . A chord of a circle is a segment whose end-points 

*lie oh, the circle. A chord which contains the center is a diameter. 

' * {'^the word "diameter" is also used as the length .of this chord.) 

The interior of a circle is the set of all points iri the plane' of 

' . . - / 

of the circle whose distance from the center is. less than the radius 

of. the circle; the^ exterior is the set of points whose distance is - 

greater than the radius. 



Theorem lu,5 > 9ver; 

/he c: 



rery point of a chord except the 'end-points is 
.in the interior of the circle. 
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Theorem 10.6 , Every point of a tangent .except the point of 
contact is in the exterior of the circle. 

Theorem 10.7* Let AB be a chord of a circle with center 
Q and -let M be the mid-point of AB. of the following three 
properties of a line X' 

(a) X contains Q, 

(b) X contains M, ^ * 
(o) X perpendicular to AB^ 

if any two are true so is* the third.- 



2. Arcs and Angles . Throughout this section we shall con- 
sider a fixed circle W with center Q . and radius r, and all 
. figures will be assumed to lie in the plane of W. 

Definitions . Let A and B be different po'ints of W. Ifv 
" AB is not a diameter of W the union of A, and all points 
of W 'in the int.erior of ^ AQB is called an arc AB; A and B 
are the jnd-pojnts of the arc. Also the union of A, B, and all 
po^lQts^of W in the exterior of / AQB is called arc AB, again 
^ Hith and B as end-points. If one wishes to distinguish bis- 
tween these two, the former is called a minor arc, the latter a 

major larc. - | . 

f * — i ^ ^ ^ 

• If AB is a diafieter of W, arc AB is defined to be the 

union-of A, B, and iill points ^f W lying on one side of AB. 

Such an arc is ca Ileal a semicircle . 

If arc AB ts a mihor arc, / AQB i,s called a central angle , 
#• 

and is said to intercept arc AB. 
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tn some ways arcs behave like segments, and in some ways* they 
behave like angles.. The fact that we can have two arcs with the 
same end-points further complicates mattjers. If C is a point of 
W distinct from^ A - and B we *can distinguish^the two arcs AB 
by the fact that one contains C and the other does not; the 
former is sometimes specified as arc ACB. The different kinds of 
arc, ^3or, minor, and semicircle, require our basic proofs to 
consider several cases. Ali in all, a careful treatment of arcs 
is a tedious .process,, and not a suitable subject for a beginning 
geometry course. "The following detailed proofs are therefore ^ 
primarily f o^ the' benefit of the teacher. 

Definition. With each arc AB there is associSTted a positive 
number, called the measxire of the ai?c, denoted by m(arc ABy, 
define;] as follows: ^ 

{1) If arc AB is ^miQ^'r, m(aro .AB) « m(/ AQP>, 

« - - o 

(2) If arc AB is major, m(^c AB) = 360 - 'm( / AQB),. 

(3) If 'arc AB is a semicircle, m*'(arc AB) » l80 

The .following theorem for arcs is an^lQgous to Postulate 13- 
for angles. It is worded irl a form which is suitable for proof 
ind applications, though apt to be confusing kt first reading. A 
rigure^ will help to clarify the situation. ^ • • « 

Theorem 10.8 . Let A, B, C be different points on W. Let 
arc AB contain C, aj?c/ AC .nit contain B, and arc BC, not 
contain A. Then ' 

m(arc AB) « m(arc AC) + m(arc BC). 7 
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Proof; Ther4 are seven cases, to be considered. 



V 



. • Case 1. Arc AB is a minor arc. Then C is in the interior 
of £ AQB, and therefor^ B is in the exteri'or of / AQC (Theorem 
6.-6), so that arc AC is mirior. similarly arc BC is minor. 
Henbe each of the arcs has the same measure as its central angle. 
Since C is in the interior of / AQB> 

• . ' m(/ A^) = m(/ AQC) + m(/ BQC), 



and so 



rA( ^-src—'K^Y^ lata r c SC)"" + "mt "arc""' BC ) , 



Case 2. Arc AB is a pemicircle. The proof is essentially 

the same for 'Case 1. ^ ^ P 

* * ^ • J 

Case 3^. Arc AB is major, and ^arc* AC is major. Sinc6 B 

Is riot on the- major arc AC, B is i^n the interior of. / AQC, and 

.so , y ^ 

m(/ AQC)^jti(^/t:QB) + m(/BQC).. 

^ is in the exterior of/ / BQC, and sincQ ,^*A is not on arc BC, 
ccrc BC must therefore be minor. Thus 

m(arc * AB) = 360 - m(/ AQB), 
m(arc AC)- = 360 - m(/ AQC), 



m(arc . BC) 



= m(/ BQC). 



Prom these eq^tions and the cfne above we get agiiin 




' m(arc AB) = k(arc AC) + m(arc ^C) 

- , Case 4. Arc AB is major, aVc AC is a semicircle. Sim- 
«^ilair to Case 3. 
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Case 5. Arc AB is major, arc AC is minor, arc BC is 

Si 

minor. Here 

m(arc AB), - 360 - m(/ AQB), _ ^ 

m(arc AC) « m(/ AQC), 

..m(arc BC) » m(/ BQC)r , 

If A .and /b were on the Bame side of then by Theorem 6.2 

either A would be in the interior of / BQC or B would be in • 
the interior of / AQC. The first of these is ruled out because 
arc BC is a minai\^arc which does not contain A, the second 
similarly. Hence A and B,-are on opposite sides of QC, and 

Afi intersects AB cannot intersect since C, being 

on the major arc AB, is in the exterior of. / AQ3. Hence AB 
Intersects ray QP opy^site to QC, and so D is in the interior 
of / AQ3. ^We then, have ' ^ ^ • * " 

■ " - ' . " m(/ AQB) - m(/ AQP) + m(/ BQD), 

m(/ AQC) + m(/ AQP) - l80, 

m(/ BQC) + m(/ BQD) - l80. 

' ' Prom these and the ,thre'e previous equations we get 

m(arc AB) « m(arc AC) + m('^rc BC|f 

^ Oas^ 6. Arc AB is major, arc AC^ i-a minor, arcr BC is 
major,- Same as Case 3 with A 

Case 7. Arc AB is major, 
semicircle^ Same' as Case 4 with 



/ 

^nd B interchanged . - 

arc 1^ AC is minor, arc ^BC is a 
A and B interchanged. 

Definition . If A, B, P are"" different points of a circle, 
/ APB is. said to be insc ribed in the aire APB and to inteireejpt 
the arc AB . not containing P. 
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Theorem 10.9 . The measure of an inscribed angle is half the 
measiire of the intercepted arc. 

s ■ 

\ Proof : Let /_ APB be inscribed in W. We consider three 
cas^ . 

• ^ ' — ^ ^ ' ^ > 

Case 1, PA is, a diameter. Since P ift.,in the , exterior of 

^ AQB (P and A are on opposite sides of QP) ahd^ P is not 
on arc Ag it follows that arc AB cannot consist of the points 
exterior to / AQ3: i That is, arc AB is a minor arc, and 
»(arQ AB) = m(/ AQB) '"^"^nce we have only to prove that •* \ 
mii APB) = hm{/_ AQP). Now in A QPP, QE = QP, arid so . 

<^P) = m(/ ftPB) (Theorem 7.1). ^ But / AQP. is an exterior 
axigle of A QPP, and so; . ' 

m(/ AQP) = m(/ QEP) + CiPB) = APB). 
In case PB is a diameter we proceed similarly. 
Suppose 'then that C, the other end-point of the diameter 
•through* P, is neither A nor B. 

T* Case, 2. Suppose A and B^ are on the "samet side of 
Either B is in the interior of /_ AQO *or A is in the interior 
of BQC. Suppose the former (the latter case can be treated 
•similarly); then, by Theorem 6.6, A 'is not c^, the minor arc BC 
and C * is not on the minor arc AB. We can therefore apply 
Theorem* 10.8 to get ^ . . 

nl(arc AB) pH^m(arc BC)- = m(arc AC) 

Hence ^ } 

m(arc AB) =\rn(a^c^ AC) - m(arc BC) 
^ - q^A) - 2m(/ QPB), . ;^ 

by ca^se 1 above. Now QA^ is in the -interior of BQP (sincet 
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QB is not in the interior of /_ AQP) and ^o QA intersects BP 

in a point D, By Theorem 10, 5* QD < ftA, and so D, being 

between Q and A, is on ftA. Thus Q and .'A are on opposite 

— aides of BP, and therefore PB is in the Interior of /_ QPA. 

Hence . ^ 

m(/ QPA) = m(/ QPB) + m(/ APB); 

'm(/ APB) = m(/^ QPA) - m(/^ QPB) 

= ^(arc AB) . 

from above. | 

Case 3. A and B are on opposite sides of QP. Then A 
is not in the interior of /_ CQB, nor B in the interior of ' 
^ AQC; and"*s^if arc AC and ^rc BC are minor arcs, and if 
.arc AB contains C,* then the conditions of Theorem 10«8 hold 
and we have * ' . . 

m(arc ■ AB) = m(arq AC) + m(arc BC) j 
= 2m(/APC) + 2m(/BPC). 
;e have therefore only to prove that 

m'(/^APC) +'m(/BPC) = m(/'APB); \ , 

this will be true if ' we show that" C is ih the interior. of~ 

APE. Now AB intersects 'line. PC in a point D, and by 
T^eoremj' 10.5, ' D is inside- the circle. Hence D ks on CP and 
so "pi^* PD. By Theorem. 6. ij ^ PC^ therefore is in' the int^erior 
.of l_ APB. Thiq^ completes the .proof of |:he theorem.! . 



This theorem is the ibasis for a Sequence of theorems relating 

■ i ■ ' ' i ^ 

arcs and angles in various positions,, and for another sequence of 
theorems relating lengths of segments of chords, secants, tangents 
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etc. The' usual proofs can be applied, but care must be taken, as , 
in the proof above, to'*' specif y which arcs one is using. 
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